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Abstract

The Strong Exponential Time Hypothesis (SETH) asserts that for every e > 0 there exists k
such that k-SAT requires time (2—¢)™. The field of fine-grained complexity has leveraged SETH
to prove quite tight conditional lower bounds for dozens of problems in various domains and
complexity classes, including Edit Distance, Graph Diameter, Hitting Set, Independent Set, and
Orthogonal Vectors. Yet, it has been repeatedly asked in the literature whether SETH-hardness
results can be proven for other fundamental problems such as Hamiltonian Path, Independent
Set, Chromatic Number, MAX-k-SAT, and Set Cover.

In this paper, we show that fine-grained reductions implying even A"-hardness of these
problems from SETH for any A > 1, would imply new circuit lower bounds: super-linear lower
bounds for Boolean series-parallel circuits or polynomial lower bounds for arithmetic circuits
(each of which is a four-decade open question).

We also extend this barrier result to the class of parameterized problems. Namely, for
every A > 1 we conditionally rule out fine-grained reductions implying SETH-based lower bounds
of ¥ for a number of problems parameterized by the solution size k.

Our main technical tool is a new concept called polynomial formulations. In particular, we
show that many problems can be represented by relatively succinct low-degree polynomials, and
that any problem with such a representation cannot be proven SETH-hard (without proving
new circuit lower bounds).
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1 Introduction

In this paper, we explain the lack of hardness results based on the Strong Exponential Time
Hypothesis for a large class of problems by proving that such hardness results would lead to new
strong circuit lower bounds.

1.1 Background

The central question in complexity theory is to find the minimum time required to solve a given
computational problem. Answering such a question involves proving lower bounds on computational
complexity. Unconditional lower bounds remain elusive: for example, we do not know how to solve
CNF-SAT in time (2 — )™ (where n is the number of variables in an input CNF formula and € > 0
is a constant), and at the same time we have no tools to exclude the possibility of even an O(n)
time algorithm. Super-linear lower bounds are only known for restricted models of computation.

For this reason, all existing lower bounds are conditional. Classical complexity theory, founded
in the 1970’s, considers polynomial-time reductions: we say that P reduces to () and write P < @, if
a polynomial-time algorithm for () can be used to solve P in polynomial time. Such a reduction may
be viewed as a conditional lower bound: if the problem P cannot be solved in polynomial time, then
neither can the problem (). While polynomial-time reductions (conditionally) rule out polynomial-
time algorithms for many problems, they say little about quantitative hardness of computational
problems.

The recently developed field of fine-grained complexity aims to establish tighter connections be-
tween complexities of computational problems. By using fine-grained reductions, one can leverage
algorithmic hardness assumptions to prove quantitative lower bounds for wide classes of problems.
A fine-grained reduction, denoted (P,p(n)) < (Q,q(n)), implies that a faster than ¢(n)-time algo-
rithm for @ leads to a faster than p(n)-time algorithm for P. The standard assumptions in this
field (see Vassilevska Williams [Vas1h, Vasl8| for excellent surveys on this topic) are hardness of
CNF-SAT [IP99, IPZ98], 3-SUM [GO95, Eri99], Orthogonal Vectors [Wil05], All Pairs Shortest
Paths [VW10], Online Matrix-Vector Multiplication [HKNS15], and Set Cover [CDL'16].

One of the most popular fine-grained assumptions, the Strong Exponential Time Hypothesis
(SETH), postulates that for every ¢ > 0 there exists a k such that k-SAT cannot be solved in
time (2 — ¢)"™. The Strong explanatory power of SETH is confirmed by many tight lower bounds
for computational problems both in P and NP. We refer the reader to [Vasl8, Section 3] for an
extensive list of such results, and we list a few notable representatives below. The following upper
bounds are known to be tight (up to small multiplicative factors) under SETH:

e n? for Orthogonal Vectors [Wil05] (where n is the number of vectors), 3/2-approximate
Graph Diameter [RV13] (where n is the number of nodes in the input graph), and Edit
Distance [BI15] (where n is the length of the input strings);

e 2" for Hitting Set (where n is the size of the universe); and NAE-SAT (where n is the number
of the variables) [CDL"16];

e nF for k-Dominating Set [PW10] (where n is the number of nodes in the input graph and
k=>T7);

e 2™ for Independent Set [LMS18] (where tw is the treewidth of the input graph).



Given such an extensive list of tight conditional lower bounds, one may speculate that SETH can
explain many other current algorithmic barriers.

Open Problem 1. Can we prove A"-SETH hardness results for A > 1 for any of the following
problems: k-SAT (asked in [CDL™ 16, problem 5]), Hamiltonian Path (asked in [FK10, chapter 12]),
Chromatic Number (asked in [LMS11, problem 5], [Zam21, problem 48], [CDL" 16, problem 2]),
Set Cover (asked in [CDL™ 16, problem 1]), Independent Set (asked in [LMS11, problem 4]), Clique,
Vertex Cover, MAX-k-SAT, 3d-Matching?

Can we prove N*-SETH hardness results Section 2.6 for X\ > 1 for any of the following param-
eterized problems (asked in [LMS11, problem 2]): k-Path, k-Vertex Cover, k-Tree, k-Steiner Tree,
k-Internal Spanning Tree, k-Leaf Spanning Tree, k-Nonblocker, k-Path Contractibility, k-Cluster
Editing, k-Set Splitting?

Barriers for hardness proofs. The first (and the only prior to this work) conditional barrier for
proving SETH-hardness results was shown by Carmosino et al. [CGIT16]. For an integer k, k-TAUT
is the language of all k-DNF's that are tautologies (note that a k-DNF formula ¢ is in k-TAUT
if and only if the k-CNF formula resulting from negating ¢ is not in k-SAT). [CGIT16] defines a
stronger version of SETH—Non-deterministic Strong Exponential Time Hypothesis (NSETH)—
which postulates that for every € > 0 there exists k such that even non-deterministic algorithms
cannot solve k-TAUT on n-variate formulas in time 2(0=9)" While this conjecture is stronger
than SETH, refuting even NSETH would imply strong lower bounds against Boolean series-parallel
circuits [JMV15]. Carmosino et al. [CGIT16] proved that tight SETH-hardness results for 3-SUM,
APSP, and some other problems would refute NSETH, and, thus, imply new circuit lower bounds
(resolving a four-decade open question).

Circuit lower bounds. The barriers we show for SETH-hardness proofs also lie in the field of
circuit complexity. Below we review two of the main challenges in this field, and we give rigorous
definitions of the circuit models in Sections 2.1 and 2.2. The best known lower bound on the size
of Boolean circuits computing functions in P is 3.1n — o(n) [LY22]. In fact, this bound remains the
best known even for the much larger class of functions from ENP even against the restricted model
of series-parallel circuits. A long-standing open problem in Boolean circuit complexity is to find
an explicit language that cannot be computed by linear-size circuits from various restricted circuit
classes [Val77, AB09, Frontier 3.

Open Problem 2. Prove a lower bound of w(n) on the size of Boolean series-parallel circuits
computing a language from ENP.

In contrast to the case of Boolean circuits, in the model of arithmetic circuits we have a super-
linear lower bound of Q(nlogn) [Str73a, BS83]. One of the biggest challenges in this area is to
prove a stronger lower bound, for example, a lower bound of n” for a constant v > 1.

Open Problem 3. For a constant v > 1, prove a lower bound of n? on the arithmetic circuit

complezity of a constant-degree polynomial that can be constructed in polynomial time n®™).

1.2 Our Contribution

Despite much effort, we still do not have any SETH-hardness results for the problems listed in
Open Problem 1. For example, an algorithm solving the Hamiltonian Path problem in time 2npO1)



has been known for 60 years [Bel62, HK62], yet we don’t have any improvements on the algorithm
nor conditional lower bounds A" on the complexity of this problem.! In this paper, we show that
this barrier is no coincidence. Namely, we show that a resolution of Open Problem 1 would resolve
Open Problem 2 or Open Problem 3. More specifically, any SETH-based exponential lower bound
for Hamiltonian Path or any other problem from Open Problem 1 would imply a super-linear lower
bound for series-parallel circuits or an arbitrarily large polynomial lower bound for arithmetic
circuits.

Our first main result says that for a number of well-studied problems, any SETH lower bound
of the form A" for a constant A > 1 would imply new circuit lower bounds. (In the end of this
section we clarify what we mean by SETH lower bounds, and our definition is quite general.)

Theorem 1.1. If at least one of the following problems

k-SAT, MAX-k-SAT, Hamiltonian Path, Graph Coloring, Set Cover, Independent Set,
Clique, Vertex Cover, 3d-Matching

is A"-SETH-hard for a constant A\ > 1, then at least one of the following circuit lower bounds holds:
o ENP requires series-parallel Boolean circuits of size w(n);

o for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n?).

While this result conditionally rules out, say, 1.17-hardness of Hamiltonian Path, it is still
possible that the parameterized version of Hamiltonian Path, k-Path, is 1.1%-hard for some function
k :=k(n). In our second result, we conditionally rule out even such hardness results (which might
have seemed easier to obtain).

Theorem 1.2. If at least one of the following parameterized problems

k-Path, k-Vertex Cover, k-Tree, k-Steiner Tree, k-Internal Spanning Tree, k-Leaf Span-
ning Tree, k-Nonblocker, k-Path Contractibility, k-Cluster Editing, k-Set Splitting

is N*_.SETH-hard for a constant X\ > 1, then at least one of the following circuit lower bounds holds:
o ENP requires series-parallel Boolean circuits of size w(n);

e for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n7).

A couple of remarks about the main results of this work are in order. While an SETH-lower
bound for any problem in the premise of Theorems 1.1 and 1.2 would imply that at least one of
Open Problem 2 or Open Problem 3 must have an affirmative answer, it would not say which one!

The first part of the conclusion of Theorems 1.1 and 1.2 is really that “NSETH fails”, and the
series-parallel circuit lower bound comes as an already known consequence of that [JMV15].

The undirected version of Hamiltonian Path can be solved in time 1.66™ by Bjérklund’s algorithm [Bj610]. In
this paper, we only consider the directed version of the Hamiltonian Path and k-Path problems. Since we’re proving
barriers for lower bounds, considering the harder directed version of a problem only makes our barrier results stronger.



On the definition of SETH-hardness. The Exponential Time Hypothesis (ETH), which fol-
lows from SETH [IPZ98], asserts that there is some non-explicit A > 1 such that 3-SAT on n
variables requires time A". While SETH implies the existence of such A > 1, it doesn’t tell us any-
thing about A. In particular, it doesn’t provide us with a lower bound on A greater than 1. Each
of the problems discussed above has a reduction from 3-SAT that preserves the size of the instance
up to a constant factor [[PZ98, CFK'15, Theorem 14.6]. Thus, under SETH (or even ETH), none
of these problems can be solved by algorithms running in time (\)" for some non-ezplicit \' > 1
which we cannot even bound away from 1.

The only currently known way to prove fine-grained and SETH-hardness results is via fine-
grained reductions. Such a reduction gives a conditional lower bound of A" on the complexity of a
computational problem for an explicit A\ > 1. In this work, we (conditionally) rule out reduction-
based proofs of SETH-hardness which we emphasize in the title of the paper.

To simplify the presentation, we follow the terminology of previous works in this area and say
“a computational problem P is A™-SETH hard for A > 1”7 when we mean the following. There
exists an ezplicit constant A > 1 and a function § := §(¢) such that for every k and ¢ > 0, there
exists an algorithm A for k-SAT running in time 20—%E)"  making ¢ calls to an oracle for P with
input sizes n1,...,n; satisfying

t
Z}\(l—e)ni < 2(1—5(5))n ]
=1

In particular, this captures all known A*-SETH lower bounds in fine-grained complexity for ex-
plicit A > 1.

On randomized reductions. While this work focuses on deterministic (i.e., non-randomized)
reductions, now we discuss why randomized SETH-hardness reductions would also be surpris-
ing. If one of the problems under consideration is SETH-hard under deterministic reductions,
then Theorems 1.1 and 1.2 imply that either NSETH is false (implying series-parallel circuit lower
bounds) or we have high arithmetic circuit lower bounds. In fact, the same result holds for zero-error
probabilistic reductions.

A randomized SETH-hardness reduction for any of the problems in the premises of Theorems 1.1
and 1.2 would either give us high arithmetic circuit lower bounds or a faster than 2" two-round
AM protocol for k-TAUT. While faster than 2" two-round AM protocols are not known to imply
circuit lower bounds, designing such a protocol for k-TAUT would still be a big achievement.
The celebrated work of Williams [Wil16] gives a constant-round AM protocol running in time 2"/
for k-TAUT.?

Also, our result, together with the standard trick of simulating randomness by non-uniformity
(see [CGIT16, Lemma 4]), gives us that a randomized SETH-hardness reduction for any of the
problems in the premises of Theorems 1.1 and 1.2 implies either high arithmetic circuit lower
bounds or that NUNSETH (Non-unifrom NSETH, see [CGIT 16, Definition 4])) is false.

2The standard transformation of a constant-round AM protocol into a two-round AM protocol suffers a quadratic
blow-up in size which results in a two-round protocol of trivial length 2".



1.3 Proof Overview
1.3.1 Non-parameterized Problems

We demonstrate our main result on the following example. Assume that the Hamiltonian Path
problem is 1.5”-SETH hard. We’ll prove one of the two circuit lower bounds: a super-linear lower
bound for Boolean series-parallel circuits computing a language from ENP or an n!2 lower bound
on the size of arithmetic circuits computing an explicit n-variate polynomial of constant degree.
We note that the actual result proven in Theorem 1.1 rules out A”-hardness for every A > 1 and is
capable of proving arithmetic circuit lower bounds of n” for every v > 1.

First we find a low-degree polynomial on exponentially-many variables that can be used to solve
any Hamiltonian path instance of a given size. We call this a polynomial formulation of Hamiltonian
Path.®> Then we show how to find a small arithmetic circuit computing this polynomial formulation.
After that, we give a non-deterministic algorithm for the k-TAUT problem, and conclude with
circuit lower bounds.

Polynomial formulations of Hamiltonian Path. First we give the following polynomial for-
mulation of Hamiltonian Path on a graph with node set [¢]. Without loss of generality, we assume
that ¢ is a multiple of 10. For every set S of £/10 nodes, every node u € S, and every node v & S,
we introduce a variable x5, ,. Thus, in total we have ¢t < (e /10) 4% < 2047 yariables. Consider the
following degree-10 polynomial P of ¢ variables. For each partition of [¢/] = S; LU --- LISy into sets
of size £/10, and for each v; € S1,...,v10 € S10, and v11 € [¢] we add the monomial

LS1v1,v2 " LS2,va,03 *** LS10,010,011 *

Now for an instance G of Hamiltonian path, where G is a graph on £ nodes, we assign the following
values to the ¢ variables of the polynomial P. If there is a Hamiltonian path visiting each node of S
exactly once, starting at the node v and ending at a node neighboring v, then we set xg,, =1,
otherwise we set xg,, = 0. Note that the polynomial P evaluates to 0 if and only if the original
graph has no Hamiltonian paths. Indeed, a Hamiltonian path can be partitioned into 10 parts
of length ¢/10 with starting nodes vy,...,vio such that all variables of the monomial xg, 4, v, -
TSy 00,03 """ TS10,010,011 ar€ assigned ones. The converse is also true: if all variables of some monomial
are assigned ones, then this gives us a Hamiltonian path in G.

Time complexity of polynomial formulations. Now we bound the running time for comput-
ing the polynomial P. This polynomial can be constructed by listing all 10-tuples of (¢/10)-subsets

of [¢] together with nodes vy, ...,v11, which can be done in time O ((4/10) 1060(1)) < 2476 This

polynomial is not particularly helpful for solving an instance of Hamiltonian Path on ¢ nodes since
the problem can be solved in time 2£°() while only constructing this polynomial takes time 2%7¢.
Nevertheless, we’ll later use the self-reducibility property of TAUT to reuse one polynomial to solve
exponentially many instances of Hamiltonian Path.

Let us now bound the running time for computing the assignment of the variables for an
instance G on £ nodes. In order to find the assignment of the variables, it’s sufficient to solve ¢

3In fact, our main result (Theorem 4.3) rules out SETH-hardness results for all problems that admit polynomial
formulations on ¢ variables of instances of size n for every ¢ > 1.



instances of Hamiltonian path on ¢/10 nodes. Since each instance can be solved in time 2£/1090(1)
we bound the total running time by

t- 26/10€O(1) < <€/€10> ) 2@/10 . EO(l) _ 0(20.47€+€/10) — 0(1‘496) ]

Thus, in time 2*7 we construct a degree-10 polynomial with at most ¢ < 2947 variables, such

that each instance of Hamiltonian path on £ nodes can be reduced in time 1.49° to evaluating this
polynomial at a 0/1 point. Note that since the polynomial has 247 monomials with coefficients
one, and we only evaluate it at 0/1 points, the maximum value we can obtain is < 247 5o we can
as well assume that our polynomial P is over Z, for 2 - LT < p < 4. 2%TE,

The first circuit lower bound. If the constructed polynomial P of ¢ variables doesn’t have
arithmetic circuits of size t'2, then we have our first circuit lower bound. Indeed, we have an
explicit family of constant-degree t-variate polynomials P; that require arithmetic circuits of size at
least t12. To see that this family of polynomials is explicit, recall that this ¢-variate polynomial can

10
be constructed in time polynomial in the number of variables: O <(Z /10) fo(l)) < t''. Thus, in

the following we assume that the polynomial P does have circuits of size t'2. From this (together
with the assumed 1.5"-SETH hardness of Hamiltonian Path) we will prove the second circuit lower
bound. In fact, we will refute NSETH, which, as discussed earlier, implies a super-linear circuit
lower bound for Boolean series-parallel circuits [JMV15]. Therefore, in the rest of this section, we
will show how to solve the k-TAUT problem in non-deterministic time 2= for constant & > 0.

Approximation of MACP. We have a t-variate polynomial P that solves Hamiltonian Path
on graphs with ¢ nodes, and we know that this polynomial has circuits of size t'2, but we don’t
have those circuits. We use the result of Strassen [Str73b] that asserts that if there is a circuit of
size t12 computing a degree-10 polynomial, then there exists a circuit of size O(t'?) computing
the same polynomial, where every gate of the circuit computes a polynomial of degree at most 10
(see Corollary 3.4). We use the power of non-deterministic algorithm to guess such a circuit, but
we need to verify that the guessed circuit indeed computes the polynomial P. For this, we write
down the polynomials computed at each gate of the circuit. Since in our modified circuit, each gate
computes a degree-10 polynomial, each such polynomial can be written in time O(¢!%). Performing
all operations (modulo p) over the polynomials in this circuit will take time O(t'2 - 20 - log? p) <
221.2:047¢ . pO(1) < 910¢ By comparing the list of the monomials of the polynomial P with the
monomials computed at the output gate, we verify the guessed circuit.

Non-deterministic algorithm for k-TAUT. Below we present an algorithm solving every k-
TAUT instance on n variables in non-deterministic time 29" for constant ¢ independent of k.
Recall that this refutes NSETH and, thus, implies the second circuit lower bound.

We consider all assignments of the first (1 — a)n Boolean variables for « = 1/20. This gives
us a set of 20=®" instances of k-TAUT on an variables each. Solutions to these 21=®" instances
will give us the solution to the original instance. Each of these instances of k-TAUT will later
be reduced (via the assumed fine-grained reduction from k-SAT to Hamiltonian Path) to (possi-
bly exponentially many) instances of Hamiltonian Path. Since we assume 1.5"-SETH hardness of
Hamiltonian Path, an instance of k-TAUT on an variables must be reduced to instances of Hamil-
tonian Path on at most ¢ nodes, where ¢ satisfies 1.5¢ < 29", In particular, £ < n/11. In this proof



overview we assume for simplicity that all instances produced by the fine-grained reduction have
size ¢, (in the full proof of Theorem 4.3 we generate ¢ different polynomials, one for each integer
up to ¢, to solve Hamiltonian Path instances of any size < /).

First, we construct the polynomial P that solves the instances of Hamiltonian Path on £ nodes.
Recall that we can construct this polynomial in time 2*7 < 1.9" (we only need to write down
this polynomial once, and then we will use this polynomial for all instances of Hamiltonian Path).
Then we find a circuit of size O(t'2) computing P in non-deterministic time 2% < 1.9". Now
we are ready to solve all 201~ instances of k-TAUT on an variables. Indeed, each such instance
we reduce to (a number of instances of) Hamiltonian Path on ¢ nodes. We find the assignment
of the variables of P in time 1.49°, and evaluate the circuit of size O(t'?) modulo p in time
O(t"?log? p) < 1.49°. Since we solve each instance of Hamiltonian Path on £ nodes in time 1.49¢,
1.5"-SETH hardness of Hamiltonian Path implies a 20=9)"_algorithm for k-TAUT on an variables
(for constant a > 0 independent of k). Therefore, each of the 2(1=®™ instances of k-TAUT is solved
in time 2(1=9°" " and the total (non-deterministic) running time to solve the original instance of
E-TAUT is 2(1—a)n X 2(1—6)0m _ 2(1—016)n‘

Summary. We start by showing that Hamiltonian Path can be expressed as a constant-degree
polynomial P in exponentially many variables. That is, checking whether the input graph has a
Hamiltonian path boils down to evaluating P.

Assuming that P can be computed by a small arithmetic circuit C' (if this is not the case,
we have an arithmetic circuit lower bound), we show that there exists a homogeneous circuit C’
computing P that is not much larger than C. We guess C’ non-deterministically. The fact that C’
is homogeneous and that P has constant degree allows us to efficiently verify the correctness of C’
by checking the computation at each gate manually.

The circuit C’ allows us to solve Hamiltonian Path efficiently. Since we have a fine-grained
reduction from k-SAT to Hamiltonian Path, this implies a fast non-deterministic algorithm for
k-TAUT. The obtained algorithm refutes NSETH, which, in turn, gives super-linear lower bounds
for Boolean series-parallel circuits.

1.3.2 Parameterized Problems

In the (parameterized) k-Path problem, the goal is to check if the given graph on n nodes contains
a simple path on k£ nodes. Similarly to the case of Hamiltonian Path, the best known algorithm for
k-Path runs in time 2¥ [Wil09]. The result sketched in the previous section (conditionally) rules out
A"-SETH hardness of Hamiltonian Path for every A > 1. Yet, this leaves a possibility to prove a 2¥
lower bound on the complexity of k-Path for some function k := k(n). We extend our framework to
parameterized problems to prove the same barriers for SETH-hardness for parameterized problems.

While most of the machinery from the previous section extends to the case of parameterized
problems, the new issue arises in the polynomial formulations of the problems. Indeed, if we apply
the polynomial formulation from the previous section to the k-Path problem, then we inevitably
have at least (k/"lo) > n¥k) variables. Such a polynomial formulation can only rule out (nQ(k)nO(l))-

SETH hardness results, which are of no interest since the problem can be solved in time 2knO®).
To overcome this issue, we design a different polynomial formulation of the parameterized k-Path
problem. This formulation uses a certain pseudorandom object called a splitter, on which we
elaborate below.



Splitters. A family H of functions f: [n] — [k] is a k-perfect hash family if for every S C [n] of
size |S| = k, there is a function h € H which is injective on S. An (n, k, ck)-splitter is a relaxation
of this notion where the functions f have range [ck] for a constant ¢ > 1. There are known
constructions of splitters [NSS95] and k-perfect hash families [AYZ95] of size e¥(1 o)k logn, but

k
our polynomial formulations require splitters of size e9(<) for an unbounded function g. While a

simple probabilistic argument shows that a set of ~ ek log n random functions forms an (n, k, ck)-
splitter with high probability, in Section 5, we show how to efficiently construct an explicit family

of such functions of size e%(HO(l))

- klogn.
Polynomial formulations. The color-coding technique, introduced in [AYZ95], solves k-Path
on a graph with node set [n] as follows: assign a random color ¢ € [k] to every node; then, all
nodes of a k-path receive different colors with probability about e™*; at the same time, one can
find such a colorful path in time 2¥n°(). This gives us a randomized 2°®*) M) _time algorithm for
k-Path. This algorithm can be derandomized by utilizing a k-perfect family H of hash functions
f:[n] — [k]: go through all f € H and assign the color f(v) to every node v [AYZ95]. Since H
guarantees that for every k-path there is a coloring f € H that assigns different colors to all nodes
of the path, one of the hash functions f will lead to a k-path. [AYZ95] gives a construction of H
of size eF(1+o(1) Hut this would result in a polynomial formulation with ¢ > ek(1+o(1) yvariables.
Recall that in order to prove a lower bound of ¢7 on the size of arithmetic circuits, we need t”7 to
be much less than the assumed complexity of k-Path. Thus, for our purposes, we need a family of
hash function of much smaller size. To achieve this, we allow a larger number of colors. This will
decrease the number of variables as desired at the cost of increasing the degree and the time needed
to compute the coefficients of the polynomial. Fortunately, our construction is robust enough to
tolerate this drawback.

We take a family H of (n, k, ck)-splitters of size ee that can be computed in time 2%%n°M) de-
scribed above. Given a coloring f: [n] — [ck], we find an f-colorful k-path in time 2°¥nO() [AYZ95].

The main idea of the polynomial formulation then is the following. For a coloring f: [n] — [ck],

an f-colorful k-path 7 can be partitioned into ¢ paths 71,..., 7. such that each path uses at most
k/c colors. Then, a partition 7y, ..., 7. is valid if the paths are color-disjoint and there is an edge
from the last node of 7; to the first node of m; 1, for all i € [¢ — 1]. Such valid paths will lead to

o(1)

monomials of degree ¢, and the resulting polynomial will have only etn variables for arbitrarily

large constant c.

1.4 Related Work

The closest in spirit to our result is the work of Carmosino et al. [CGIT16]. The work [CGIT16]
proves that if APSP, 3-SUM, or one of a few other problems is SETH-hard, then NSETH is false.
In this paper, we relax the implication but prove a stronger barrier for a much wider class of
problems: if one of the problems listed in Open Problem 1 is SETH-hard, then NSETH is false
or we have arbitrarily large polynomial lower bounds for arithmetic problems. Another important
difference between [CGIT16] and the present work is that [CGIT16] rules out some hardness results
(say, n?/2-SETH hardness of 3-SUM ), while the present work rules out all exponential SETH-
hardness results A" for an explicit constant A > 1.

The work of Kabanets and Impagliazzo [KI03] is the closest one to our main result in terms of
techniques. In fact, we view our main result (Theorem 4.3) as a fine-grained version of [KI03] with



the following modifications. The work [KI03] shows that if Polynomial Identity Testing (PIT) has
a deterministic polynomial time algorithm, then either NEXP Z P/poly, or the Permanent problem
requires super-polynomial size arithmetic circuits. To show this, they guess small arithmetic circuits
and verify them using the assumed deterministic algorithm for PIT and downward self-reducibility
of Permanent. In this paper, efficient verification is possible due to the low degree of the polynomial
computed by the circuit and the homogenization trick allowing us to consider only circuits with a
specific structure.

Finally, several works provided efficient algorithms for problems studied in fine-grained com-
plexity (e.g., Grgnlund and Pettie [GP18] for 3-SUM and Williams [Will6] for Multipoint Circuit
Evaluation) using self-reducibility of the problem and a construction that improves on the trivial
running time for small instances of the problem. In this paper, we also use the self-reducibility
trick: first, in the allocated time we construct arithmetic circuits solving all instances of k-SAT on
an variables significantly faster than in 2*", and then we reduce an n-variate instance of k-SAT to
a series of instances on an variables for a sufficiently small o« > 0.

1.5 Structure

The rest of the paper is organized as follows. In Section 2, we give all necessary background material,
including the definitions of SETH-hardness and polynomial formulations. In Section 3, we define
an approximate version of the Minimum Arithmetic Circuit Problem (MACP), and provide a non-
deterministic algorithm for this version of the problem. In Section 4, we prove the main result of
this paper: SETH-hardness of a problem admitting polynomial formulations would imply one of
the two aforementioned circuit lower bounds. Section 5 contains a construction of a pseudorandom
object needed for certain polynomial formulations: deterministic splitters over alphabets of linear
size. In Section 6, we give polynomial formulations of all problems considered in this paper. Finally,
Appendix A contains proofs of technical claims omitted in the main part of the paper.

2 Preliminaries

For two sets S and T, by S UT we denote their disjoint union. All logarithms in this paper
are base 2, i.e., log2" = n. Recall that the O*(-) notation suppresses polynomial factors, e.g.,
n?2" = O*(2").

We use square brackets in two ways: for a positive integer p, [p] = {1,...,p}; for a predicate P,
[P] = 1if P is true and [P] = 0 otherwise (this is Iverson bracket).

2.1 Boolean Circuits

Definition 2.1. A Boolean circuit C with variables x1,...,x, is a directed acyclic graph as follows.
Every node has in-degree zero or two. The in-degree zero nodes are labeled either by variables x; or
constants 0 or 1. The in-degree two nodes are labeled by binary Boolean functions that map {0,1}?
to {0,1}. The only gate of out-degree zero is the output of the circuit.

A Boolean circuit C' with variables z1, ..., z, computes a Boolean function f: {0,1}" — {0,1}
in a natural way. We define the size of C' as the number of gates in it, and the Boolean circuit
complexity of a function as the minimum size of a circuit computing it.



A circuit is called series-parallel if there exists a numbering ¢ of the circuit’s nodes such that for
every wire (u,v),¢(u) < £(v), and no pair of wires (u,v), (u,v") satisfies £(u) < £(u’) < £(v) < L(V").

The best known lower bound on the size of a Boolean circuit for functions in P
is 3.1n — o(n) [LY22]. In fact, this bound remains the best known bound even for the much larger
class of languages ENP even against the restricted model of series-parallel circuits. A long-standing
open problem in Boolean circuit complexity is to find an explicit language that cannot be computed
by linear-size circuits from various restricted circuit classes [Val77, AB09, Frontier 3].

Open Problem 2. Prove a lower bound of w(n) on the size of Boolean series-parallel circuits
computing a language from ENP.

2.2 Arithmetic Circuits

Definition 2.2. An arithmetic circuit C' over a ring R and variables x1, ..., x, is a directed acyclic
graph as follows. Every node has in-degree zero or two. The in-degree zero nodes are labeled either
by variables x; or elements of R. The in-degree two nodes are labeled by either + or x. Every gate
of out-degree zero is called an output gate.

We will typically take R to be Z or Z,, for a prime number p. A single-output arithmetic circuit C'
over R computes a polynomial over R in a natural way. We say that C' computes a polynomial
P(z1,...,x,) if the two polynomials are identical (as opposed to saying that C' computes P if the
two polynomials agree on every assignments of (x1,...,x,) € R™). We define the size of C' as the
number of edges in it, and the arithmetic circuit complexity of a polynomial as the minimum size
of a circuit computing it.

While it’s known [Str73a, BS83] that the polynomial 7 + ... + 2], requires arithmetic circuits
over F of size Q(nlog(r)) (if r doesn’t divide the characteristic of F), one of the biggest challenges
in algebraic complexity is to prove stronger lower bounds on the arithmetic circuit complexity of
an explicit polynomial of constant degree.

Open Problem 3. For a constant v > 1, prove a lower bound of nY on the arithmetic circuit

complezity of a constant-degree polynomial that can be constructed in polynomial time n®™).

2.3 SETH Conjectures
Below, we state rigorously two SETH-conjectures that we will use in this work.

e Strong exponential time hypothesis (SETH) [IPZ98, IP99]: for every ¢ > 0, there exists k
such that
k-SAT ¢ TIME[2(1—9)"] .
e Non-deterministic SETH (NSETH) [CGIT16]: for every > 0, there exists k such that
k-TAUT ¢ NTIME[2(—9)"]
where k-TAUT is the language of all k--DNF's that are tautologies.

[JMV15] proved that if SETH is false, then ENP requires series-parallel Boolean circuits of size w(n).
[CGIT16, Corollary B.3.] extended this result and showed that refuting NSETH is sufficient for
such a circuit lower bound.

Theorem 2.3 ([CGIT16, Corollary B.3.]). If NSETH is false then ENP requires series-parallel
Boolean circuits of size w(n).
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2.4 Fine-grained Reductions

In this section we rigorously define fine-grained reductions and SETH-hardness. First, we give
the definition of fine-grained reductions from [Vasl5, Definition 6] with a small modification that
specifies the dependence of § on £ (we’ll need this modification when defining SETH-hardness as
SETH-hardness is a sequence of reductions from k-SAT for every value of k).

Definition 2.4 (Fine-grained reductions). Let P, Q be problems, p,q: Z>o — Z>o be non-decreasing
functions and §: Rsg — Rsg. We say that (P,p(n)) d-fine-grained reduces to (Q,q(n)) and write
(P,p(n)) <5 (Q,q(n)), if for every e >0 and 6 = d() > 0, there exists an algorithm A for P with
oracle access to Q, a constant d, a function t(n): Z>o — Z>o, such that on any instance of P of
size n, the algorithm A

e runs in time at most d(p(n))*~°;

e produces at most t(n) instances of Q adaptively: every instance depends on the previously
produced instances as well as their answers of the oracle for Q;

e the sizes n; of the produced instances satisfy the inequality

t(n)
3" g(n)'* < d(p(n)).

i=1

We say that (P,p(n)) fine-grained reduces to (Q,q(n)) and write (P,p(n)) < (Q,q(n)) if
(P,p(n)) <s (Q,q(n)) for some function 0: Ryy — Rx.

It is not difficult to see that if (P,p(n)) < (@, q(n)), then any improvement over the running
time ¢(n) for the problem @ implies an improvement over the running time p(n) for the problem P:
for any € > 0, there is § > 0, such that if Q) can be solved in time O(q(n)'~¢), then P can be solved
in time O(p(n)'~?).

Definition 2.5 (SETH-hardness). For a constant A > 1, we say that a problem P is \"-SETH-hard
if there exists a function 6: Rsg — Rsq and for every k € N,

(k'SATv 2n) <5 (Pv /\n) :

If a problem P is A"*-SETH-hard, then any algorithm solving P in time A= implies an
algorithm solving k-SAT in time 21— for all k, thus, breaking SETH.
We now similarly define SETH-hardness of parameterized problems.

Definition 2.6 (SETH-hardness of parameterized problems). Let P be a parameterized problem
with a parameter k, X > 1 be a constant, and 6: Rsg — Rsq. We say that P is N*-SETH-hard if for
every q¢,d € N, € > 0, and 6 = 6(¢) > 0, there exists an algorithm A for q-SAT with oracle access
to P, a function t(n): Z>o — Z>o, such that on any instance of ¢-SAT of size n, the algorithm A

e runs in time at most 0(2(1_5)");

e produces at most t(n) instances of P adaptively: every instance depends on the previously
produced instances as well as their answers of the oracle for P;
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e the length ¢; and parameters k; of the produced instances satisfy the inequality

It particular, if a parameterized problem P is A*~<SETH-hard, then any algorithm solving P in
time A(1=9)%|z|? implies an algorithm solving ¢-SAT in time O(2(179()") for all ¢, thus, breaking
SETH.

2.5 Polynomial Formulations

In this work, we consider polynomials over a ring R, where R is typically Z or Z, for a prime
number p. By a family of polynomials P we mean an infinite sequence of polynomials P;,, P;,,. ..,
such that ¢; <42 < --- and P, is a multivariate polynomial depending on n variables. We say that
P has degree d(n) if, for every n, every monomial of P, has total degree at most d(n).

Definition 2.7 (A-explicit family of polynomials). For a constant A, we say that P is A-explicit,
if, for alln, the degree of P, is at most A and all coefficients of P,, can be computed (simultaneously)
in time O(n™).

Equipped with this definition, we’re in a position to state the required properties of poly-
nomial formulations that will allow us to prove barriers for hardness proofs. For the case of
non-parameterized problems, we define polynomial formulations as follows.

Let A be a computational problem, and for every n € N, let I, be the set of instances of A of
size n. A polynomial formulation of a computational problem A is a A-explicit family of polynomials
P = (P,)s>1 and a family of maps ¢ = (¢ )n>1 Where ¢,,: I, — Z5 satisfying the following. In
order to check if z € I, is a yes instance of A, it suffices to map y = ¢(x) € 75 and evaluate the
corresponding polynomial Py, (y).

Definition 2.8 (Polynomial formulations). Let A be a computational problem and for everyn € N,
let I,, be the set of instances of A of size n. Let A be a constant, T: N — N be a time bound, and
P = (P, Po,...) be a A-explicit family of polynomials over Z. We say that P is a A-polynomial
formulation of A of complexity T, if there exist

e a non-decreasing function s: N — N satisfying s(n) < T'(n), and an algorithm computing s(n)
in time T'(n);

e a family of mappings ¢ = (¢P1,P2,...), where ¢p: I, — Z5™  and an algorithm evaluating
¢n at any point in time T(n)

such that the following holds. For every n € N and every x € I,
® Pyn)(pn(x)) #0 < x is a yes instance of A;
o |Pyny(dn ()] < 220,

In order to define polynomial formulations of parameterized problems, we need to make the
following changes. An instance of the problem is now a pair (z,k) € I, x N, where k is the
parameter. The function s now depends on z and the value of k. Similarly, each ¢, now also
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depends on k. The time bounds on the evaluation of s and ¢ are now T'(k)|z|?!) rather than T'(n).
Since the size n of the instance x doesn’t appear in these time bounds anymore (it’s now replaced
by the length of the bit representation |z| of ), we don’t need the index n in ¢, and we merge
the functions (¢1, ¢, ...) into one function ¢.

Definition 2.9 (Polynomial formulations of parameterized problems). Let A be a parameterized
computational problem and let T x N be the set of all instances of A, where for an instance (x,k) €
Z X N, k is the value of the parameter. Let A be a constant, T: N — N be a time bound, and
P = (P, Pa,...) be a A-explicit family of polynomials over Z. We say that P is a A-polynomial
formulation of A of complexity T, if there exist
e a function s: T x N — N satisfying s(x, k) < T(k)|z|®, and an algorithm computing s(x, k)
in time T(k)|z|? ;
e a function ¢: T x N — Z* such that ¢(x, k) € 75wk - and an algorithm computing ¢(x, k)
in time T(k)|z|>

such that the following holds. For every (z,k) € Z x N,
® Pyaiy(d(z,k)) #0 < (z,k) is a yes instance of A;

o |Puay (6, k)| < 2T®lal*

2.6 Computational Problems

In this work, we show barriers to proving hardness for the following non-parameterized and param-
eterized problems.

Non-parameterized problems. For each problem below, the specified parameter n is used as
the default size measure when bounding the complexity of the problem. It is well known that each
of these problems can be solved in time 20(").

e k-SAT: given a formula F' in k-CNF over n variables, check if F' has a satisfying assignment.

e MAX-k-SAT: given a formula F' in k-CNF over n variables and an integer ¢, check if it is
possible to satisfy at least t clauses of F'.

e Hamiltonian Path: given a directed graph G with n nodes, check whether G contains a cycle
visiting every node exactly once.

e Graph Coloring: given a graph G with n nodes and an integer t, check whether G can
be colored properly using at most ¢ colors.

o(1)

e Set Cover: given a set family F C 2l of size n and an integer t, check whether one can

cover [n] with at most ¢ sets from F.

e Independent Set: given a graph G with n nodes and an integer ¢, check whether G contains
an independent set of size at least t.

e Clique: given a graph G with n nodes and an integer ¢, check whether G' contains a clique
of size at least t.
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Vertex Cover: given a graph G with n nodes and an integer ¢, check whether G contains
a vertex cover of size at most t.

3d-Matching: given a 3-uniform 3-partite hypergraph G with parts of size n and an integer ¢,
check whether G contains a matching of size at least t.

Parameterized problems. Each of the problems below comes with a parameter k and we are
interested to know how the complexity of the problem grows as a function of the input length and k.
We say that a problem with a parameter k& belongs to the class FPT if it can be solved in time
O*(f(k)) for some computable function f. Similarly to the case of non-parameterized problems,
we denote the size of an instance x of a problem (the number of nodes in the input graph, the
number of variables in the input formula) by n, and we denote the length (the length of the binary
representation of the instance z) by |z|.

k-Path: given a graph G, check whether G contains a simple path with k& nodes.
k-Vertex Cover: given a graph GG, check whether G contains a vertex cover of size at most k.

k-Tree: given a graph G and a tree 7' with k nodes, check whether there exists a (not
necessarily induced) copy of T in G.

k-Steiner Tree: given a graph G(V, FE) with (integer non-negative) edge weights and a subset
T C V of its nodes of size k, and an integer 0 < t < \V!O(l), check whether there is a tree
in G of weight at most ¢ containing all nodes from 7'.

k-Internal Spanning Tree: given a graph G, check whether there is a spanning tree of G with
at least k internal nodes.

k-Leaf Spanning Tree: given a graph G, check whether there is a spanning tree of G with
at least k leaves.

k-Nonblocker: given a graph G, check whether G contains a subset of nodes of size at least k
whose complement is a dominating set in G.

k-Path Contractibility: given a graph G, check whether it is possible to contract at most
k edges in G to turn it into a path.

k-Cluster Editing: given a graph G, check whether it is possible to turn G into a cluster
graph (a set of disjoint cliques) using at most k edge modifications (additions and deletions).

o(1)

k-Set Splitting: given a set family F C 2 of size n®1), check whether there exists a partition

of [n] into two sets that splits at least k sets from F.

3 Minimum Arithmetic Circuit Problem

In this section, we show that for polynomials of constant degree one can find arithmetic circuits of
size close to optimal in nondeterministic polynomial time.
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Definition 3.1. Let P = (Py, P,...) be a family of polynomials. The minimum arithmetic circuit
problem for P, denoted by MACPp(n,s), is: given n,s € N, find an arithmetic circuit of size at
most s computing Py, or report that there is no such circuit.

It is known that when P is the family of permanent polynomials, MACPp can be solved in time
(ns)o(l) either by an MA-protocol or by a nondeterministic Turing machine with an oracle access
to the polynomial identity testing problem (PIT) [KI03]. In our setting, we do not have oracle
access to PIT nor do we have any randomness. To make up for that, we consider the following
approximate version of MACP.

Definition 3.2. Let p be a prime number, P = (P1,P,,...) be a family of polynomials over Z,,
and ¢ > 1 be an integer parameter. The problem Gap-MACPp . ,(n,s) is: given n,s € N, output
an arithmetic circuit over Z, of size at most cs computing P,, if P, can be computed in Z, by
a circuit of size at most s; output anything otherwise.

The reason we allow an abitrary output in case P,, does not have a circuit of size s is the following.
Right after solving the Gap-MACP problem, we will verify that the found circuit is correct. Thus,
if instead of a circuit of size cs computing P,, we are given a circuit that doesn’t compute P,
correctly, we will reject it in the verification stage. The parameter p here is needed to have control
over the maximum value of coefficients when expanding the guessed circuit as a polynomial.

We will use the following result proven by Strassen [Str73b] (see also [BCS97, Chapter 7.1] or
[SY10, Theorem 2.2]). Recall that a polynomial is homogeneous if all its monomials have the same
degree. We say that a circuit is homogeneous if all its gates compute homogeneous polynomials.
For a polynomial P, the homogeneous part of P of degree ¢ is the sum of all monomials of P of
degree exactly 1.

Theorem 3.3 ([Str73b]). There exists a constant p’ > 0 such that the following holds. If a degree-A
polynomial P can be computed by an arithmetic circuit of size s, then there exists a homogeneous
circuit C' of size at most u'A%s computing P such that the A + 1 outputs of C' compute the
homogeneous parts of P.

We use Theorem 3.3 to conclude that at the expense of increasing the circuit size by a factor
of O(A?), we can assume that an arithmetic circuit computing a degree-A polynomial contains
only gates computing polynomials of degree at most A.

Corollary 3.4. There exists a constant p > 0 such that the following holds. If a degree-A poly-
nomial P can be computed by an arithmetic circuit of size s, then P can be computed by a (single-
output) circuit C of size at most pA%s such that all gates of C compute polynomials of degree at
most A.

Proof. In order to construct the circuit C' we take the homogeneous circuit C’ guaranteed by
Theorem 3.3, remove all gates computing polynomials of degree greater than A, and sum up all
A + 1 output gates of C’ in the output of C. Since sums and products of degree-(A + 1) homoge-
neous polynomials can’t compute non-trivial polynomials of degree < A, removing gates computing
polynomials of degree greater than A doesn’t affect the output gates of C’. Since the outputs of
C' compute the homogeneous parts of P, the output of C' computes P, which finishes the proof of
the corollary. O

We now prove that for polynomials of bounded degree, Gap-MACP can be solved in non-
deterministic polynomial time.
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Lemma 3.5. There exists a constant o > 0 such that for every A-explicit family of polynomials P
and every prime number p,

Gap-MACPp a2 ,(n,s) € NTIME[O(A2sn?* log? p)] .

Proof. We present a non-deterministic algorithm that, given a polynomial P of circuit complexity s,
finds a circuit of size at most cs for ¢ = pA2.

First we note that Corollary 3.4 guarantees the existence of a circuit C' over Z, of size cs
computing P such that each gate of C' computes a polynomial of degree at most A.

We non-deterministically guess such a circuit C, and verify if it computes P correctly. If it
does, we output C, and we output an empty circuit otherwise. It remains to show that in the
specified time we can verify that C' computes P. To do this, we start with the circuit inputs and
proceed to its output, and write down the polynomial over Z, computed by each gate as a sum
or product of polynomials of its input gates. There are at most 2n® monomials in a polynomial
of degree at most A. Computing sums and products of such polynomials boils down to at most
O(n??) arithmetic operations with their coefficients. As every coefficient of a polynomial over Ly,
is specified by log p bits, any such arithmetic operation takes time O(log2 p). Putting it all together,
we expand each of the uA2s gates, expanding each gate takes O(n?2) arithmetic operations, each
arithmetic operation takes time O(log2 p). Thus, the total time of expanding C in Z,, is

O(uA2s - n?2 - log?p) .

To nondeterministically solve Gap-MACPp , a2 (1, 8), we guess C' and expand it in Z, as dis-
cussed above. Since P, is from a A-explicit family P, it can be written as a sum of monomials
in time O(n®) (recall Definition 2.7). Then, it remains to compare the coefficients of the two
sequences of monomials. O

4 Main Results

In this section, we state the main results of this paper. First, we state Lemmas 4.1 and 4.2 asserting
that every problem defined in Section 2.6 admits polynomial formulations, we’ll prove these lemmas
in Sections 6.1 and 6.2. Then, in Sections 4.1 and 4.2 we prove barriers to proving hardness results
for non-parameterized and parameterized problems admitting polynomial formulations. Finally, we
conclude that such barriers hold for for all problems from Section 2.6.

Lemma 4.1. For every ¢ > 1, there is A = A(c), such that each of the following problems

k-SAT, MAX-k-SAT, Hamiltonian Path, Graph Coloring, Set Cover, Independent Set,
Clique, Vertex Cover, 3d-Matching

admits a A-polynomial formulation of complexity c™.

Lemma 4.2. For every ¢ > 1, there is A = A(c), such that each of the following parameterized
problems

k-Path, k-Vertex Cover, k-Tree, k-Steiner Tree, k-Internal Spanning Tree, k-Leaf Span-
ning Tree, k-Nonblocker, k-Path Contractibility, k-Cluster Editing, k-Set Splitting

admits a A-polynomial formulation of complexity c*.
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4.1 Non-parameterized Problems

In the theorem below we prove that if a problem admits constant-degree polynomial formulations
of complexity 27" for every v > 0, then SETH-hardness of the problem would imply a circuit lower
bound.

Theorem 4.3. Let A be a computational problem. Assume that for every ¢ > 1, there is A = A(c)
such that A admits a A-polynomial formulation of complexity c™. If A is A"-SETH-hard for a
constant A > 1, then at least one of the following circuit lower bounds holds:

o ENP requires series-parallel Boolean circuits of size w(n);

o for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z.
that requires arithmetic circuits of size Q(n?).

Proof. Let A > 1 be the constant from the theorem statement, v > 1 be an arbitrary constant,
and o = log(\)/(67). For n € N, let I,, be the set of all instances of A of size n. Let P be a A-
polynomial formulation of A of complexity 2°™, for constant A = A(o) > 0. We assume that A is
A"-SETH-hard: there is a function 6: R<g — R~ such that for every k € N, (k-SAT, 2") <5 (P, \").

We'll prove that at least one of the two circuit lower bounds holds. If P = (P;):>1 does not have
arithmetic circuits over Z of size t7 for infinitely many values of ¢, then we have an explicit family of
constant-degree polynomials that requires arithmetic circuits of size £2(t7). Hence, in the following
we assume that P has arithmetic circuits over Z of size ct” for all values of ¢ for a constant ¢ > 0.
Under this assumption, we design a non-deterministic algorithm solving k-TAUT in time 2(1—¢)"
for every k. This contradicts NSETH and, by Theorem 2.3, implies a super-linear lower bound on
the size of series-parallel circuits computing ENP.

Let 6o = 6(1/2) € (0,1) where ¢ is the function from the SETH-hardness reduction for A.
Let a = m, L = 2(1 — &y)an/log(N), and T = 2°F. The meaning of these constants is the
following. We will start with an instance of the k-TAUT problem on n variables, reduce it to
2(=e)n instances of k-TAUT on an variables each. Then we’ll use the fine-grained reduction from
k-SAT to the problem A on instances of size £ < L. Finally, we’ll use the polynomial formulation
of A to reduce instances of size £ to polynomials with ¢ < T variables.

Let F be a k-DNF formula over n variables. In order to solve F', we branch on all but an vari-
ables. This gives us 20=®" -DNF formulas. By solving k-SAT on the negations of all of these
formulas, we solve k-TAUT on the original formula F.

We now apply the (k-SAT, 2") <5 (A, \") fine-grained reduction to (the negation of) each of the
resulting formulas, which gives us a number of instances of A. Let £ be the largest size of these
instances. From Definition 2.5, we know that for ¢ = 1/2 and dy = 6(1/2) > 0, X¥/2 = \01-9)¢ <
2(1=d0)an s each instance of A indeed has size less than £ < 2(1 — dg)an/ log(\) = L.

Since P is a polynomial formulation of A of complexity 2", there exist s: N — N, s(¢) < 2°¢
and ¢ = (¢1, ¢2,...) (computable in time 2°%) such that for every £ and every = € I,

o Pyp(¢e(x)) # 0 iff x is a yes instance of A;

o [Py (e(z))] < 250,

Using P, we will solve all instances of A in two stages: in the preprocessing stage (which takes
place before all the reductions), we guess efficient arithmetic circuits for polynomials P; for all
t < T, in the solving stage, we solve all instances of A using the guessed circuits. Note that we’ll
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be using the polynomials to solve instances of A resulting from k-SAT instances on an variables.
Since L is the largest size of such an instance of A, we have that each such instance is mapped to a
polynomial with at most 7' = s(L) < 2°% variables. Therefore, finding efficient arithmetic circuits
for polynomials P, for all ¢ < T will be sufficient for solving the k-SAT instances of size an.

Preprocessing. For every t < T, we find a prime p; in the interval 2% < p, < 242 in non-
deterministic time O(¢7) [AKS04, LP19).

Now for every t < T, we reduce all coefficients of the polynomial P, modulo p; to obtain a
polynomial @Q; over Z,,, and let Q = (Q1,Q2,...). For every t < T, we now non-deterministically
solve Gap-MACP g a2 p, (¢, ct”) using Lemma 3.5. Since we assume that P has arithmetic circuits
over Z of size ct”, we have that Q has arithmetic circuits over Z,, of this size. Thus, we obtain
arithmetic circuits C; of size at most

At (1)

computing Q; over Z, for all ¢ < T. Since C; computes Q; correctly in Z, and | Py (de(v))| <

25(0) < Ps(ey/2 for all z € Iy, we can use C; to solve A for every instance size £ < L. By Lemma 3.5,
Gap-MACPg a2, (t,ct”) can be solved in (non-deterministic) time

O (A% ct? - 22 -log?(py)) = O (T712472)

The total (non-deterministic) running time of the preprocessing stage is then bounded from above
by the time needed to find T prime numbers, write down the corresponding explicit polynomials
modulo p¢, and solve T instances of Gap-MACP:

9] (T(T7 + TA+2 + T7+2A+2)) -0 (T’H-QA—!—S) -0 <2(1—50)n> ’ (2)

where the last equality holds due to T = 2°F, L = 2(1 — &y)an/log()\), o = log()\)/(67), and
O = AT

Solving. In the solving stage, we solve all 20=®" instances of k-SAT by reducing them to A
and using efficient circuits found in the preprocessing stage. For an instance x of A of size £, we
first transform it into an input of the polynomial y = ¢y(z) € Z*®). Both s(¢) and ¢y(z) can
be computed in time O(2°¢). Then we feed it into the circuit Q) First we note that we have
the circuit Q) after the preprocessing stage as s(f) < s(L) < 2°L = T and we have circuits
(Q1,...,Qr). The number of arithmetic operations in Ly, required to evaluate the circuit is
proportional to the circuit size, and each arithmetic operation takes time logz(ps(g)) = O(s(¢)?).
From (1) with ¢ < s(¢) < 2°¢, we have that we can solve an instance of A with ¢ inputs in time

0(27) + cuA? - s(£)? - 27 = O (22U€+0'y€> —0 (23075> -0 ()\4/2) 7

where the last equality holds due to the choice of o = log())/(6). The fine-grained reduction from
k-SAT to A implies that a O ()\”/ 2)—time algorithm for A gives us a O (2”(1_50))—time algorithm
for k-SAT. Thus, since we solve each f-instance of A resulting from 21=®" instances of k-SAT in
time O ()\Z/ 2), we solve the original n-variate instance F' of k-TAUT in time

0 (2021 (=) = 0 (r1-0i) ®
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The total running time of the preprocessing and solving stages (see (2) and (3)) is bounded
from above by O (2"(1_50)) + 0 (2"(1_‘”50)) =0 (2"(1_0‘50)), which refutes NSETH, and implies a
super-linear lower bound for Boolean series-parallel circuits. O

We now apply Theorem 4.3 to the non-parameterized problems from Section 2.6 to prove
Theorem 1.1.

Theorem 1.1. If at least one of the following problems

k-SAT, MAX-k-SAT, Hamiltonian Path, Graph Coloring, Set Cover, Independent Set,
Clique, Vertex Cover, 3d-Matching

is A"-SETH-hard for a constant A\ > 1, then at least one of the following circuit lower bounds holds:
o ENP requires series-parallel Boolean circuits of size w(n);

e for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n7).

Proof. This follows immediately from Lemma 4.1 and Theorem 4.3. O

4.2 Parameterized Problems

In the next theorem we show that if a parameterized problem admits constant-degree polynomial
formulations of complexity 2% for every v > 0, then SETH-hardness of this problem would imply
a circuit lower bound. The proof of Theorem 4.4 follows the high level strategy of the proof
of Theorem 4.3, but takes into account the dependence on the parameter k of the parameterized
problem under consideration and (arbitrary) polynomial dependence on the input length, we present
the proof in Appendix A.1.

Theorem 4.4. Let A be a parameterized computational problem with a parameter k. Assume that
for every ¢ > 1, there is A = A(c) such that A admits a A-polynomial formulation of complexity c*.
If A is Ne-SETH-hard for a constant \ > 1, then at least one of the following circuit lower bounds
holds:

o ENP requires series-parallel Boolean circuits of size w(n);

o for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n?).

We apply Theorem 4.4 to the parameterized problems from Section 2.6 to prove Theorem 1.2.
Theorem 1.2. If at least one of the following parameterized problems

k-Path, k-Vertex Cover, k-Tree, k-Steiner Tree, k-Internal Spanning Tree, k-Leaf Span-
ning Tree, k-Nonblocker, k-Path Contractibility, k-Cluster Editing, k-Set Splitting

is \*-SETH-hard for a constant A\ > 1, then at least one of the following circuit lower bounds holds:

o ENP requires series-parallel Boolean circuits of size w(n);

19



e for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n7).

Proof. This follows immediately from Lemma 4.2 and Theorem 4.4. O

While Theorem 1.2 conditionally rules out A*¥ lower bounds for certain parameterized problems,
we remark that the same machinery can be applied to conditionally rule out lower bounds of the
form n** for constant A > 0. We do not include rigorous proofs of such results in the paper as this
would require us to generalize Theorem 4.4 to work with functions of k& that may have different
forms (exponential in k or in klogn) at the expense of clarity of presentation. We note that the
same techniques show that n"*-SETH hardness of k-Clique or k-Independent Set for a constant
v > 0 would also imply one of the two circuit lower bounds. The polynomial formulations of
parameterized k-Clique and k-Independent Set are identical to the polynomial formulations of the
non-parameterized Independent Set problem presented in Section 6.1 with the only difference that
the sizes of the sets S are now bounded by 2k/6 instead of 2n/6. This leads to (<27€/6) = nOk)

variables in polynomial formulations and rules out n** lower bounds for the parameterized versions
of k-Clique or k-Independent Set.

5 Deterministic Splitters over Alphabets of Linear Size

Our polynomial formulations of some of the problems (such as k-Path and k-Tree) will require
deterministic constructions of certain splitters. This section is devoted to designing such splitters.

Definition 5.1. An (n,k,{)-splitter H is a family of functions f: [n] — [€] such that for every set
S C [n] of size |S| =k, there exists a function f € H that splits S evenly:

Vi, [k/e) <) < [k/0) .

The set [¢] in this definition is called the alphabet. If £ > k, an (n, k, ¢)-splitter H is a family
of functions from [n] to [¢] such that for every S C [n], |S| = k, there exists an f € H which is
injective on S. If £ = k, then such a splitter is called a family of perfect-hash functions.

In this section, we present (n,k,ck)-splitters of size 5(e§(1+o(1))) that can be computed in
deterministic time 2% 7,01,

It is easy to verify that a random set of = eéklogn functions forms an (n, k, ck)-splitter with
high probability. It’s known [Fri84, Alo86] that a good linear code over the alphabet [¢] with relative
distance 1 — ©(1/k?) implies a splitter with related parameters. [Fri84, Alo86] use this observation
to deterministically construct splitters of size k1) logn for alphabets of size £ > k2. Although we
can’t use this splitter directly as we’re working with alphabets of size £ = ck < k2, we’ll use this
primitive as one of the building blocks.

[NSS95, Theorem 3(iii)] gives a deterministic (n, k, ck)-splitter of size O(eF1+oM)). We follow
the high-level approach of [NSS95] with certain low-level modifications to design a splitter of size
O (e (+o)),

Our final construction of an (n, k, ck)-splitter will be a certain composition of splitters with var-
ious parameters. First, we give three auxiliary constructions of splitters with different parameters
that will later be used in our main construction.
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We say that an (n, k, £)-splitter is explicit if the truth table of every function can be computed
in deterministic time (n¢)®(1). In particular, all functions of an explicit splitter H can be printed
in time |H|(nf)®M,

5.1 (n,k,k?)-splitters

We present an efficient deterministic way to build (n, k, k?)-splitters from [Fri84, Alo86] that will
later effectively allow us to reduce the domain size from n to k2.

Proposition 5.2 ([Fri84, Alo86]). There is an explicit (n,k,k?*)-splitter A(n,k,k?) of size
O(k®log klogn).

Proof. There exist explicit linear codes [ABNT92] over the alphabet [k?] with at least n codewords,
relative distance § > 1—2/k?, and length m = O(k%log klog n). Below we show that viewing such a
code as a set of m functions from [n] to [k?] gives us the desired construction of an (n, k, k?)-splitter.

Assume towards a contradiction that there exists a set T' of k codewords such that for each of
the m coordinates, a pair of codewords from T takes the same value at this coordinate. Then the
sum of the (g) pairwise distances between the codewords does not exceed (g) -m—m. By averaging,
there is a pair of codewords with distance at most

which contradicts the assumption § > 1 — 2/ k2 on the relative distance of the code. O

5.2 (k? k,logk)-splitters
Now we present explicit splitters of small size for the case of small alphabet ¢ = log k.

Proposition 5.3 ([NSS95, Lemma 4]). There is an explicit (k?, k,log k)-splitter B(k* k,logk) of
size k21o8k,

Proof. Let ¢ = logk. For each sequence 0 = ig < i1 < ... < iy = k?, define f: [k?] — [{] by
fl@)y=t iff i1 <z<iy.

This construction is explicit and has size (Zk_zl) < k21 < g2logk 1 order to show that this is
a (k% k, £)-splitter, consider a set S = {j1,...,jx} C [n], where j; < ... < ji, and note that the
function f defined by the set

1= Jk/es 02 = Jokjer - - U—1 = J(—1)k/0 >
splits the set S evenly. O

5.3 (k* k/logk,ck/logk)-splitters

Now we present a splitter with good parameters which is not explicit. We will later use it with
small values of parameters so even though this splitter is not explicit, it will be possible to compute
it in the allocated time. This primitive is based on the construction from [NSS95, Theorem 2(i)].
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Lemma 5.4. There is an (n, k, ck)-splitter C(n, k, ck) of size 6(6%(1+0(1))) that can be constructed
deterministically in time O((kn)3*).

Proof. Let T be a k-wise independent set of vectors of length n over the alphabet [ck]. There are
explicit constructions of such sets of size |T'| < n¥ [ASOS].

First we show that there exists t € T' which, if viewed as a function h: [n] — [ck], splits at least
an e~ */¢ fraction of k-sets of any family of k-sets F C ([Z]). Indeed, a set S € F is split by h if h
is injective on S. The probability that h is injective on a fixed set of size k is

oAV 2Y (Y S 2R () s ke
ck c ck - -

—k/c

Now, we iteratively greedily pick a vector from T splitting at least e -fraction of the remaining

k-sets.

Size of the splitter. The size of the resulting splitter is at most smallest ¢ satisfying

(Z)(l ekl <1

That is, t < e*/klogn.

Running time. The running time of each step of the greedy algorithm is at most n- (})|T|. And
the total running time is at most

t-n- <Z> T < ekle . k. k. (k‘n)o(l) < (k‘n)?’k '

5.4 Main Construction

Equipped with the three auxiliary constructions above, we're in a position to present the main
result of this section.

Theorem 5.5. For every ¢ > 1, there is an (n, k, ck)-splitter of size O(e%(Ho(l)) logn) that can be
constructed deterministically in time 2%nO1)

Proof. Let A = A(n,k,k?),B = B(k® k,logk),C = C(k? k/logk,ck/logk) be the splitters from
Propositions 5.2 and 5.3 and Lemma 5.4, respectively. Without loss of generality, we assume that
k is a multiple of log k. We define our (n, k, ck)-splitter H as follows. For every function a € A,
every function b € B, and every log k-tuple of functions (hq,...,hiogx) from C, H contains the
function f: [n] — [ck], where

_ck
~logk

f(x) b(a(z)) + hy(a(a)) (a(z)) - (4)
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Correctness. Let S C [n] be a set of size |S| = k. We will show that there exist functions
ac A, be B,and (hi,...,hogk) in C'°8% such that for f defined in (4) and every pair of distinct
s1,82 € S, f(s1) # f(s2). Equivalently, for s € S, if y = b(a(s)) and S, = {s € S: b(a(s)) = v},
then h,, is injective on a(Sy).

Since A and B are splitters, there exist a € A and b € B such that for every y € [log k], |S,| <
k/logk. Now since C' is a splitter and |a(Sy)| < |Sy| < k/log k, we have that for every y € [log k],
there exists h, € C such that h, is injective on a(S,). Therefore, the function f defined with the
selected a, b, hi, ..., hiogk satisfies the requirement that f(s1) # f(s2) for all distinct s1,s2 € S.

Size of the splitter. By the definition of H,

log k
|H| = |A|.|B|.|C|logk _ O(kﬁ logk:logn)-O(krzlogk)'<O <eﬁ(1+o(1)))) & _ o <€§(1+o(1)) log n) ‘

Running time. The splitters from Propositions 5.2 and 5.3 are explicit, and the splitter from

3k
Lemma 5.4 takes time (k’z : %) =R = 0(2%). O

6 Polynomial Formulations

In this section, we prove Lemmas 4.1 and 4.2: we give polynomial formulations of all problems
from Section 2.6.

6.1 Non-parameterized Problems

Lemma 4.1. For every ¢ > 1, there is A = A(c), such that each of the following problems

k-SAT, MAX-k-SAT, Hamiltonian Path, Graph Coloring, Set Cover, Independent Set,
Clique, Vertex Cover, 3d-Matching

admits a A-polynomial formulation of complexity c™.

Proof. Let A be one of the problems from the list above, and for every n € N, let I, be the set
of instances of A of size n. We construct a family of mappings ¢ = (¢1, ¢o, ... ), where ¢,: I, —
{0,1}*(™ and a family of polynomials P = (Py, Ps,...), following the same five-step pattern.

Idea. We provide a high-level idea of encoding a problem as a polynomial. Start by fix-
ing a parameter § = 6(c) that will be chosen as a large enough constant. In the
analysis, we write n/60 instead of [n/#]: this affects the bounds negligibly and
at the same time simplifies the bounds. Then, a solution of size n that we are
looking for can be broken into “blocks” of size n/0; for each potential block, we in-
troduce a 0/1-variable; then, for each candidate solution, we introduce a monomial
that is non-zero if it is indeed a solution.

Variables. We introduce a set X of s(n) variables. They are used to specify the func-
tion ¢, that maps an instance I € I,, to a vector in Z*(™). To do this, we specify
a 0/1-value that ¢, (I) assigns to every variable z € X.
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Complerity. We bound the number of variables s(n) of the constructed polynomial Py,
as well as the time needed to compute the mapping ¢, by

(= ()

In all the cases, it will be straightforward to compute s(n) in the allocated time.

Polynomial. We specify the polynomial Py(,)(X) as a sum of 20(") monomials (where
the hidden constant in O(n) depends on § = (c) only), each having coefficient 1.
It is usually straightforward from the definition of the polynomial that I is a yes-
instance of A iff Py,)(¢n (1)) > 0.

Degree. We show that the degree A of P depends on 6 only.

Below, we show that the five steps above ensure that P is indeed a polynomial formulation of A.

e By choosing a large enough 6 = 6(c), we ensure that, for all large enough n,

| X| = s(n) = (2"/9' <n7;9>>0(1) <.

e Since Py, (X) is a sum of 20(") monomials, computing the coefficients of all monomials
in Py, takes time 20 Since |X| = ¢”, 20 = | X|°M), Since the degree of P is A, P is
a A-explicit family of polynomials.

e Recall that ¢, maps an instance of the problem to a vector from {0, 1}3(”), and that all the
coefficients of the polynomials Py, are ones. Thus, for every I € I, | Py (¢n(I))] is at most
the number of monomials in Py, i.e., X190, and hence at most 2%l Since ¢,(I) can
be computed in time ¢", we conclude that P is indeed a polynomial formulation of A.

Hamiltonian Path. Given a directed graph G(V, E) with n nodes, check whether it contains
a Hamiltonian path.

Idea. One can break a Hamiltonian path 7 into 6 node-disjoint paths 71, ..., mg of length n/6 each.
We say that 7q,...,7mp is a valid partition iff 7;’s are simple paths of length n/6 sharing
no nodes and, for every 4, there is an edge joining the last node of m; with the first node
of Ti4+1-

Variables. Introduce s(n) = O (n2 (n%)> variables:
X ={25u0v: SCV,|S|=n/0,uec S,veV\S}.
The mapping ¢, (G) assigns the following 0/1-value to a variable zg -
[there is a Hamiltonian path in G[S] that starts at « and ends at a node adjacent to v]

(here and below, [] is the Iverson bracket: for a predicate Y, [Y] =1 if Y is true and [Y] =0
otherwise).

24



Complezity. The mapping ¢, (G) can be computed in time O*((n%) on/ 9) because Hamiltonian Path
on a graph with n nodes can be solved in time O*(2").

Polynomial. For every partition V' = SjL- - - Sy into disjoint subsets of size n/6 and every 6 nodes
V1. .., Vg1, add to Py, a monomial

LS1,v1,02 " LSa,v2,v3 " LSg,v9,0941 *

The number of monomials added to Py, is at most grnf = 20(n),

Degree. The degree of P is 6.

3d-Matching. Given a 3-uniform 3-partite hypergraph G(V; U Vo U V3, E) with parts of size n
(that is, [V4]| = |Va| = |[V5| =n and E C V; x V5 x V3) and an integer ¢, check whether G' contains
a matching of size at least t.

Idea. One can break a matching M of size ¢t into # matchings My, ..., My of size at most n/f.
Then, My, ..., My is a valid partition iff M;’s are node-disjoint matchings.

Variables. Introduce s(n) = (SZ/G)?’ =0O* <(n%)3> variables:
X ={zapc: ACV,BCVW,CCV,|A| =|B|=|C|<n/b}.
The function ¢, (G) assigns the following value to x4 g c:

[the induced subgraph G[A U B U C] contains a perfect matching] .

Complezity. This can be computed in time O* (8"/ 0 (n%)g) since 3d-Matching is solvable in time
O*(8") in 3-partite graphs with parts of size n.*

Polynomial. The polynomial Py, is defined as follows. For every Ai,..., 49 C Vi, By,..., By C
Vo, C1,...,Ce C V3, such that all A;’s, B;’s, and C;’s are pairwise disjoint, have size at most
n/0, and that

add to Py(,) a monomial

The number of monomials added to Py, is at most (n%) 3 _ 90(n),

Degree. The degree of P is 6.

“This is done by a straightforward dynamic programming algorithm: for A C V3, B C Va2, C C V3, let M (A, B,C)
be the maximum size of a matching in G[AU B U C]; then, M (A, B,C) = max{,pc3ex M(A\a, B\ b,C\ )+ 1.

25



Independent Set. Given a graph G(V, E) with n nodes and an integer ¢, check whether G con-
tains an independent set of size at least t.

Idea. An independent set I of size t can be partitioned into 6 sets Iy, ..., Iy of size at most n/6.
Then, Iy,..., Iy is a valid partition iff their total size is at least ¢ and for all i # j, I; U I; is
an independent set.

Variables. Introduce s(n) = (322/9) = O*((z:/e)) variables:
X ={xg: SCV and |S| <2n/0}.
The mapping ¢, (G) assigns to zg the value
[S is an independent set of G].

n

Complezity. The mapping ¢,(G) can be computed in time O*(22%/¢ (2n/9))’ since Independent Set
can be solved in time O*(2").

Polynomial. For every Si,...,Sy € (<X/0) such that S; N S; =0, for all i # j, and | Ui Si| =,
add to Py(,) a monomial ;
H xSiUSj .

1<i<j<0
The number of monomials added to P is at most §" = 20"

Degree. The degree of P is O(#?).

Vertex Cover and Clique. These two problems are close relatives of Independent Set: the
complement of an independent set in a graph is a vertex cover of this graph; a clique in a graph is
an independent set in the complement of the graph. Thus, for Vertex Cover and Clique one can
use the polynomial formulation of Independent Set.

MAX-k-SAT. Given a k-CNF formula F' = Cy A---AC,, over n variables and an integer ¢, check
whether it is possible to satisfy at least ¢ clauses of F'.

Idea. An assignment p € {0,1}" satisfying at least ¢ clauses can be partitioned into 6 subassign-
ments p1,...,uy € {0, 1}"/ 9. Then, for each clause C, one can assign at most k subassign-
ments that are “responsible” for C': these are the subassignments that contain the k variables
from C. Then, uq,..., ug is a valid partition if the total number of clauses satisfied by their
k-tuples of subassignments is at least ¢.

Variables. Partition the set of variables of F into 6 blocks Vi, ..., Vy of size n/f. For each clause C,
assign k blocks such that all variables of C' belong to these blocks: formally, let b(C) C [6],
[b(C)| = k, and the set of variables of C; is a subset of U;cyc) Vi

Introduce s(n) = ("ée) 2%/0t variables:

X ={xp,r: BC[0],|B|=k,7€ {0,119 0<r<t}.
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For B C [], |B|] = k, by ¢(B) define the set of clauses C' of F' such that b(C) = B. The
mapping ¢, (F) assigns the following value to zp

[T satisfies at least 7 clauses from ¢(B)].

Polynomial. Let F be a class of functions f: 201 — Z>q such that EBQ[O},\B\:kf(B) = t. For
€ 40,1} and B C [f], let up be a projection on coordinates U;egV;. For every f € F and
p € {0,1}", add to Py,) a monomial

H LB,up,f(B) -

BC[6],|B|=k

Clearly, |F| < t2° < nP®2) and |{B: B C [6],|B| = k}| < 2. Hence, the number of mono-
mials added to P is at most O*(2") = 20(),

Degree. The degree of P is (Z) <20
k-SAT. k-SAT is a special case of MAX-k-SAT.

Graph Coloring. Given a graph G(V, E) with n nodes and an integer ¢, check whether G' can
be colored properly using at most ¢ colors.

Idea. Partition V' into € blocks Vi, ..., Vj of size n/0. We would like to construct a t-coloring of V'
from colorings of the blocks. However, a t-coloring may contain a color whose color class
is large (much larger than n/6). For this reason, the polynomial formulation below is a bit
trickier than the previous ones: we have to treat color classes differently depending on their
size.

Variables. Introduce s(n) = O(n? (27:‘/9)) variables:

X ={zg,: SCV,|S] <2n/0,0 <r <t}.

The mapping ¢,,(G) assigns to xg, the value

X(G[S]) <r].

As the chromatic number of a n-node graph can be found in time O*(2") [BHKO09], the
mapping ¢, (G) can be computed in time

7 (2" (o))

Polynomial. The polynomial Py, is defined as follows:

Ps(n)(X) = Z Z H LSyt -

V=51U---USy  t1i+--+tp=t i€[p]
|S:|<2n/0 for i€[6] t;>0 for i€[0]
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We claim that Py,)(¢,(X)) > 0 iff G can be properly colored using ¢ colors such that every
color induces an independent set of size at most n/6. Indeed, if there is such a coloring,
one can greedily pack color classes into groups of size at most 2n/0 and obtain the required
partition V = S U --- U Sp.

Thus, it remains to consider the case when there exists a t-coloring where at least one of the
color classes has size more than n/f. Since each color class induces an independent set in
the graph, we are going to reuse the ideas from polynomial formulation of Independent Set.
Namely, assume that T7,...,T; are all large color classes in a t-coloring: for every i € [l],
T; C V is an independent set of size more than n/6.

Introduce the following additional variables:
Y ={ys: SCV,|S| <2n/0}.
The mapping ¢, (G) assigns the following values to yg:

[S is an independent set in G].

For every L C V of size | > n/6, fix its partition (say, the lexicographically first one)
LyU---ULpg /) into subsets of size n/6: all sets are disjoint and all of them have size n/6 except
for possibly the last one. The following monomial expresses the fact that L is an independent
set in G:

M(L) = H yLiULj .
1<i<<[10/n]

The final polynomial looks as follows:

o
Qum)(X,Y) = > > I 2@ I 250 -

=0 Ty, TV SiU-USe=V\U;e Ty i€]1] i€[0)]
TiNTy=0 for all i7j |5;|<2n/6 for all i€[p]
|T;|>n/6 for all ¢ b4 Ftp=t—I

The number of monomials added to Q is at most O*(n?g") = 20,
Degree. The degree of Q) is at most 2602 +6.

Set Cover. Given a set family F = {Fy,...,F,} C ol m = n°M and an integer t, check
whether one can cover [n] with at most t sets from F.

Idea. Partition the universe [n] into 6 blocks of size n/#. Each of these blocks is either covered by
at most t sets or is covered by a single large set (of size at least n/f) that also possibly
intersects other blocks.

Variables. Introduce s(n) = O(n°W (27:‘/9)) variables:

X ={z5,: 5Cn],|S| <2n/0,0 <r <t},
Y ={ysi: S C[n],|S| <2n/6,1 <i<m}.
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The mapping ¢4,y (F) assigns the following values to x5, and ys;:

[S can be covered by r sets from FJ,

Complexity. As Set Cover problem can be solved in time O*(2") [BHK09], the mapping ¢ (F)

can be computed in time
2n (N
()
0

Polynomial. For every L C V of size | > n/0, fix its partition (say, the lexicographically first one)
Ly U...U Lgn into subsets of size n/6: all sets are disjoint and all of them have size n/0
except for possibly the last one. The following monomial expresses the fact that L C Fj:

[61/n]
ML,q)= [] veua-
=1

Finally, the polynomial Q) (X,Y) is defined as follows:

ZQ: > > > 1M a) T wsi -

=0 q1,...,q;€[m)] 1, TEV S1U- LSy =V \U;e T; 1€[l] i€[0]
Vi#j:qi#q; TinTj=0 for all i#j 4ot tp=t—1
|T;|>n/0 for all ¢

Degree. The degree of this polynomial is at most (6+1)6. The number of monomials added to Q)
is at most O*(n@@gn) = 20(n),

O

6.2 Parameterized Problems
6.2.1 Technical Lemmas

For parameterized polynomial formulations, we utilize the following technical lemma. We provide
its proof in Appendix A.2.

Lemma 6.1. Let T(V, E) be a tree, M C V be a set of k nodes, and 0 > 1 be an integer. Then
E can be partitioned into m < 6 blocks E = FE1 U ---U E,, such that, for each i € [m], E; induces

a subtree T; of T with at most % + 2 nodes from M.

The following definition resembles a block structure of a graph: for a family of sets X1,..., X,
we introduce m nodes and connect the i-th of these nodes with all elements of X; that belong to at
least one other Xj.

Definition 6.2. Given m sets X1,...,X,,, we introduce a set S = {s1,...,8m} such that S does

not intersect any X;, and a set C = |J(X; N X;). By a subset graph B(Xi,...,X,,) we denote
i#]

the following graph G(V,E): V. = SUC, E = {{s;,c}: c € X;NC}. Each v € S is called a set

node, and each v € C is called a connector node.
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Remark 6.3. Let T1,...,T,, be the trees resulting from applying Lemma 6.1 to a tree T'. Then,
B =B(V(T1),...,V(Ty)) is a tree containing m set nodes and at most m — 1 connector nodes.

6.2.2 Polynomial Formulations

Lemma 4.2. For every ¢ > 1, there is A = A(c), such that each of the following parameterized
problems

k-Path, k-Vertex Cover, k-Tree, k-Steiner Tree, k-Internal Spanning Tree, k-Leaf Span-
ning Tree, k-Nonblocker, k-Path Contractibility, k-Cluster Editing, k-Set Splitting

admits a A-polynomial formulation of complexity c*.

Proof. We will design polynomial formulations P, 1 for the above problems where s(z, k) = s(n, k)
will be a function of n = |z| and k. Naturally, we would like to have different polynomials P for
different values of (n, k), alas, s is not necessarily injective. One way to overcome this issue is
to consider a two-dimensional sequence of polynomials Py, 1y, as we’ll always have that s(-, k) is
injective for every k. But this approach would cause technical issues in the proof of arithmetic
lower bounds in Theorem 4.4. Instead, we still consider a sequence (Py, Ps,...) of polynomials, but
slightly modify the function s. Given a function s(n, k), we define the following Cantor pairing
function [HU79] of s(n, k) and k:

s'(n, k) = (s(n, k) + k)(s(n, k) + k+1)/2+ k.

We note that s'(+, -) is injective because s(-, k) is injective for every k. In all polynomial formulations
below, we can always switch from s(x, k) to s'(x, k) to resolve the aforementioned issue. Indeed,
since s'(x, k) > s(x, k), we can just add s'(z, k) — s(z, k) dummy variables to the polynomial. Also,
since §'(z,k) < (s(x, k) + k)2, it suffices to replace the bound s(z,k) < T(k)|z|® by the bound
s'(z, k) < (s(z, k) + k)2 < T'(k)|z|> for T'(x) = T(k)?>- k* and A’ = A. Since we’re proving
polynomial formulations for all T = ¢*, ¢ > 1, the change in 7" doesn’t affect the statement of the
lemma.

In all polynomial formulations below we follow the same five-step pattern as in Lemma 4.1 with
the following three differences.

Kernel. For most of the considered problems, we start by applying a kernel. Recall that a kernel re-
places, in polynomial time, an instance (z, k) of a parameterized problem A with an equivalent
instance (2, k") of A such that |2/|, k" < g(k), for some computable function g. To simplify
the presentation of polynomial formulations, we identify (z,k) with (z’,k’). This allows us
to assume from the beginning that n = |z| < g(k).

Variables. The value of s(z, k) will be a constant degree of a product of 20(k/0) and (Oo(lg%)) as well as

n®M . By choosing a large enough 6 = 6(c), we ensure that s(z, k) < FnOM),

0(1)90(k)

Polynomial. We ensure that the polynomial Py ;) is a sum of at most n monomials.

k-Vertex Cover. Given a graph G(V,E), check whether G contains a vertex cover of size
at most k.

Kernel. As there exists a kernel of size 2k for k-Vertex Cover [CKJ01], we assume that |V| = n < 2k.
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Idea. Partition V into 6 blocks of size n/6: V' = ViU --UVp. This induces a partition of any S C V
into # blocks of size at most n/0: S = Sy U--- U Sy where S; = SNV;. Then, S is a vertex
cover of G iff, for all 1 <i < j <6, .S;US; is a vertex cover of G[V; U Vj].

Variables. Introduce s(G, k) = O(n? (SZ/6)2) = O*((Qi%)) variables:
X ={zijap:i,j€[0,ACV;,BCV;}.
The mapping ¢(G, k) assigns the following value to a variable x; ; 4 B:
[AU B is a vertex cover of G[V; UVj]].

Complezity. The mapping ¢(G, k) can be computed in time O*((zi%)).

Polynomial. For every S C V of size at most k, add the following monomial to Py(g z):

H x27]7s’b7s] °

1<i<j<0
The number of monomials added to Py(g r) is (<"k) = O*((zkk))

Degree. The degree of P is at most 2.

k-Steiner Tree. Given a graph G(V, E) with (integer non-negative) edge weights and a subset
S C V of its nodes of size k (called terminals), and an integer 0 < ¢t < [V|9(), check whether there
is a tree in G of weight at most ¢ containing all nodes from S.

Idea. Assume that S = {1,...,k}: relabel nodes if needed. Consider a Steiner tree T' that we are
looking for. Using Lemma 6.1 for T and M = S one can find subtrees T1,...,T;, of T for
some m < 0 such that each T; contains at most % + 2 < 3k/6 terminals. Let Vi,...,V,, be
the corresponding sets of nodes, that is, V; = V(T;), let S; = SNV, for every 1 < i < m, let ¢;
be the weight of T;, and let B = B(V4,...,V,,). By Remark 6.3, B is a tree and it contains
m subset nodes and at most m — 1 connector nodes. Observe that B can also be obtained as
B(Ai,...,Ay), where A; = V;n |J V. It is significant since each |4;| is bounded by 6 — 1

J#i
in contrast to |V;| which is bounded by n. Note also that ) ¢; < L and for every i, a subtree
T; has weight ¢; and connects nodes from S; U A;.

To construct the polynomial, we go over all possible ¢;, {S;} and {4;} such that > ¢; < L,
USi; = S and B(Ay,...,Ay) is connected, and check whether for every i we can connect
nodes from S; U A; with a tree of weight at most £;. Observe that those trees can intersect
and their union can give us a connected subgraph that is not a tree, but we still can obtain
a proper Steiner tree just by taking a spanning tree of that subgraph.

Variables. Introduce s(G, k) = O((SSkl;GJrG) -n? - nOWM) 4 nOM) = O*((4kk/9)) variables:

X ={zg a0 8 CS, |8 <3k/0,ACV,|A| <6—1,0<nW},
Y ={yp: L' <n®W}.
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The mapping ¢(G, k) assigns the following values to variables:

xs A — [there exists a Steiner tree in G for the set of terminals S'UA
of the weight at most /];
yr = [L' < LJ.

Complezity. The mapping ¢(G, k) can be computed in time O*(( 4:/9) - 24%/9) since k-Steiner tree
can be solved in time O*((2 + 6)F) for any 6 > 0 [FKM™T07].

Polynomial. The polynomial looks as follows:

Ps(G,k) (X,Y) = Z Z Z Y, H‘Tsi,Aili :

m<6, S1U---USm =S, A1,...,AnCV, i=1
l1yeeeslim, [S;:|<3k/0 |UAi|<6-1,
S £rn00 BlAY, - Am)

is connected
0
The number of monomials in Py y) is at most 6 - nfM . (<3]Z/6) . (Z)e = 20(k) R0,

Degree. The degree of P is 6 + 1.

k-Internal Spanning Tree. Given a graph G, check whether there is a spanning tree of G with
at least k internal nodes.

Kernel. As there exists a kernel for k-Internal Spanning Tree of size 3k [FGST13] we assume that
V| =n < 3k.

Idea. Let T be a tree we are looking for. Using Lemma 6.1 for 7' and M = V(T'), we obtain m < 6
subtrees T; of size at most 2% + 2 < 3n/6. For each i € [m], let S; = V(T;) and k; be the
number of internal nodes of T' that belong to S;. By Remark 6.3, B = B(St,...,Sy,) is a tree.
Let S be the set of set nodes and C' be the set of connector nodes of B. When summing up
all k;, we count each internal node v of T" that belongs to C' exactly degp(v) times. Then,
we count Yy degg(v)—|C| = (|S|+|C|—1)—|C| = m—1 extra nodes, so y_ k; > k+(m—1).

veC

To construct the polynomial, we go over all possible Sy,..., S, C V such that |J.S; =V and
B(S1,...,Sm) is a tree and over all possible ki, ..., k,, such that > k; > k+ (m — 1). For
fixed {S;} and {k;}, it suffices to check that for every i there exists a spanning tree of G[S;]
with at least k; internal nodes, where we also should consider S; N |J S; as internal nodes (to

i#i
do that, we add a leaf to each node from S; N |J Sj).
J#
Variables. Introduce s(G, k) = (ng/e) . (Snf)) -3n/6 = O*((gilje)) variables:
X ={zsar: ACSCV,|S| <3n/b,|A| <6—1,K <|S|}.
Let Gis 4 be a graph obtained from G[S] by adding a leaf to each node v € A.
The mapping ¢(G, k) assigns the following value to a variable xg 4 j:

[there exists a spanning tree of Gg 4 that contains at least &’ internal nodes].
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Complezity. The mapping ¢(G, k) can be computed in time O*((gk/e) g3n/0) = O*((gk/e) g9k/0),
since k-Internal Spanning Tree can be solved in time O*(8) [FGST13].

Polynomial. The polynomial looks as follows:

Py ) (X) = Z Z Z H ($:iNS;)

me[g] 517"'7SmgV7 kl?"'vk’!n? 7': J#l
US=V,  Shkkt(m—1)

B(S1,...,Sm) is a tree

The number of monomials in Py(g 1 is at most ¢ - (37?/9) - (3n/6)? = (9k/9) “ROM) = 200,

Degree. The degree of P is 6.

k-Leaf Spanning Tree. Given a graph G, check whether there is a spanning tree of G with
at least k leaves.

Kernel. As there exists a kernel for k-Leaf Spanning Tree of size 5.75k [FMRUO00], we assume that
V| =n <5.75k < 6k.

Idea. Similarly to the polynomial formulation of k-Internal Spanning Tree, we go over all possible
S1,...,Sm C V such that |JS; = V and B(Si,...,Sn) is a tree, and go over all possible
ki,...,ky such that > k; > k. For fixed {S;} and {k;}, it suffices to check that for every i
there exists a spanning tree of G[S;] with at least k; leaves, where we should consider S;N |J S;

i
as internal nodes (to do that, we add a leaf to each node from S; N |J Sj).
JF#i
Variables. Introduce s(G, k) = O((<3ZL/9) nf . 3n/0) = *((18k/9)) variables:
X ={xgap: ACSCV,|S| <3n/b,|A| <6—1,K <|S|}.

The mapping ¢(G, k) assigns the following value to a variable xg 4 s
[there exists a spanning tree of Gg 4 that contains at least k" + |A| leaves] .
We add |A| as we obtain a graph with |A| dummy leaves that appear in any spanning tree.

Complezity. The mapping ¢(G, k) can be computed in time O*((18k/ ) 43n/0+0y — O*((lg%) 42070y,
since k-Leaf Spanning Tree can be solved in time O*(4%) [KLROS)].

Polynomial. The polynomial looks as follows:

Ps(GJc)(X) = Z Z Z Hxsiv_g_(siﬂsj)vki
i

m<6 S1,000,SmCV, k1,....km, =1
Usi=V, S ki>k,
B(S1,..-,5m) is a tree

The number of monomials added to Py(q 1) is O(0- (<3’;/9)9 -(3n/0)%) = (18k/€) 7RO = 20(k)
Degree. The degree of P is 6.
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k-Nonblocker. Given a graph G(V,E), check whether G contains a subset of nodes of size
at least k whose complement is a dominating set in G.

Kernel. As there exists a kernel of size 3F for k-Nonblocker [DFF*06], we assume that [V| =n < 3.

Idea.

Let N C V be a nonblocker for G with at least k£ nodes, and let D =V \ N be a dominating
set for G. Let D' --- U D? be a partition of D into § blocks of size at most n/f. Let
N'U--- U N? be a partition of N such that each node from N’ is adjacent to some node
from D', and, for each i € [6], let N U --- LI N} be a partition of N* into 6 blocks of size
at most n/6. This way, we get a partition | | N]Z: UL | D? of V into 6% + 6 blocks of size at most

5k
To construct the polynomial Py(g 1), we go through all such partitions, and for each partition

we check that for every i each node from | | N ; is adjacent to a node from D?.
J

Variables. Introduce s(G, k) = O((Ss/g)z) = O0*(( 5k/3)2) variables:

5k/30
X ={anp: N,D CV,|N|,|D| <n/b}.
The mapping ¢(G, k) assigns the following value to a variable xy p:

Vv € N Jue D :{v,u} € E] =[every node in N is dominated by a node in D].

5k/3)2).

Complezity. The mapping ¢(G, k) can be computed in time O*((5k/39

Polynomial. For every N C V of size at least k and a partition | | N;f U] D? of V into 62 + 0 blocks

of size at most n/6 such that | | N ]Z = N, we add the following monomial to Py(q i):

i7j
N%,Di

i,j<0

The number of monomials added to Py z) is O((62 + )™) = 20),

Degree. The degree of P is 62.

k-Path Contractibility. Given a graph G, check whether it is possible to contract at most
k edges in G to turn it into a path.

Kernel. As there exists a kernel of size 5k + 3 for k-Path Contractibility [HVHLT14], we assume

Idea.

that |[V]| =n < 5k + 3 < 6k.

Consider the path resulting from edge contraction. Each node of the path corresponds to a
connected set of G that contracts to that node. Let S be a family of those sets of size at
least /6, and let T be a family of those sets of size less than n/0. We apply the following
procedure to 7. While 7 contains two sets 77 and T4 of size less than n/(26) and T7 U T is
a connected set in G, we replace 177 and T5 in 7 by 17 U T5.
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Let s :=|S| and ¢t := |T|. Let V=S UT, and let V = {V4,...,V,,} where V; are numbered
according to their order in the path. This way, we get a partition Vi LI --- U V,, of V into
m = s+t blocks. In order to obtain an upper bound for m, we consider a partition T =
Te U Ts, where Ty contains sets of size at least n/(20) and T contains sets of size less than
n/(26). Observe that s < n/(n/0) =0, [T < n/(n/(20)) = 20, and that after applying the
above procedure to T, for every V; € Ty, V;_1 and V41 (if they exist) belong to S U Ty, so
|Ts| < |S| +|Tel +1 < 60+20+1<460. Hence, t = |Ty| +|Ts| < 60, and m = s+t < 76.

Let S ={S1,...,5} and T = {T1,...,T;}. Sets from S can be too large, so we cover each of
them with subsets of size at most 3n/6. For every i € [s] we apply Lemma 6.1 to a spanning
tree of G[S;] and obtain its subtrees on node sets S}, ..., S¢, where £ < 6, Vj |S?| < 3n/0,
US{ = S;, and B(S},...,S¥) is connected.

J

Let k4, ..., ky, be the numbers of contracted edges in Vi, ..., Vi, respectively. Let us partition
{ki} into {k7} and {kj}, where k{ and k! are numbers of contracted edges in S; and Tj,
respectively. Observe that Vi € [s], kf = |S;| — 1. That means that Y k; < k < > k! +
> (1Si] 1) < k.

Let Ay,..., A, and By,..., B, be such sets of nodes that Vi € [m — 1] B; consists of nodes
from V; that are adjacent to a node from V;.1, and A;,1 consists of nodes from V; 1 that are
adjacent to a node from V;. Let us partition {4;} into {A$} and {A!} such that Vi € [s] AS C
S; and Vi € [t] A C T;. Similarly, we partition {B;} into {Bf} and {B!}.

Consider aq,...,a, and by, ..., by, such that Vi € [m] a; € A;, b; € B; and Vi € [m — 1] there
is an edge between b; and a;1.

Sl 52

T 15 13
D
Ay 1 Ay

Vi Vo V3

©
S5

b3

To construct the polynomial, we go through all possible {V;} and {k;}, and check that every
V; is a connected set, for every ¢ < j there is an edge between V; and V} iff i +1 = j, and for
every V; of size less than n/6, the graph G[V;] can be contracted to a path py,...,p, where
only nodes corresponding to p; can be adjacent to V;_1 and only nodes corresponding to py,
can be adjacent to Viy1. To do that we also go through all possible {A;} and {B;} where
A;,B; €V, {a;} and {b;} where a; € A;, b; € B;, and {5/}, and consider {T}}, {A!} and
{B!} consistent with {V;}, {A4;} and {B;}.

Variables. Introduce s(G, k) = O((ng/e) + (Sg/g)gk‘ + (532/0)4 +n?) = O*((lSGkk/9)4) variables:
X ={xs5: SCV,|S| <3n/0};
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Y = {ypf: ABCT CVIT| <n/0,t < k};

Z = {27, Vi,Va CV,B C Vi, AC Va, V4], |Va| < 3n/0};
W = {wpq: b,a € [n]}.

The mapping ¢(G, k) assigns the following values to the variables:

xg +— [G[S] is connected] ;
y?’tB — [it is possible to contract at most ¢ edges of G[T]

to obtain a path such that A and B contract to

the first and the last nodes in the path, respectively] ;
251’?/2 — [the set of endpoints of edges between V; and V5 is a subset of B U AJ;

wpq —> [b and a are adjacent in GJ.

Complezity. Each variable zg, 251”’?/2 and wp, q can be computed in polynomial time.

Lemma 6.4. y?’tB can be computed in O*(2IT1) time.

Proof. Let p1,...,pn be a path obtained from G[T] by contracting edges. Let T LI --- L T"
be a partition of T into sets where 7% contracts to p;. Let 7 : T — {0,1} be a 2-coloring
function that colors v € T to [i mod 2]. We observe that given T' and 7, we can obtain the
partition 7! LI - - - U T" by finding connected components of each color.

To compute y?”tB , we go through all 2!"| 2-colorings and check that if we contract the corre-
sponding {T%} we obtain a path, > (|T?| —1) <t, ACT' and B C T". O

The mapping ¢(G, k) can be computed in time O*((186kk/9)4 - 20k/0)
Polynomial. Before we present the polynomial, we introduce the following monomials.

o C ( Sf}(X ) checks that all sets Sg are connected. Using it for proper {SZJ }, we check that
every S; is connected.

Csny(X) = [[ s
,J

t t
° P{{;‘_ ’}}{g}f}(Y) checks that, for every i, there is a way to contract at most k! edges of

G[T;] to obtain a path such that A! and B! contract to the first and the last nodes of
that path, respectively.

{AABI} vy ALB]
Py V) = HyTi,kf

. Ni{‘ig}}’{Ti}(Z ) checks that Va,b such that |a — b| > 1, there is no edge between V, and

b ;
(SIATY [] My
Noy @2y =] “M Mz
a,b, My, Mae{T;}U{S?},
a+1< M1 CVa,M2CVy
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. A%gf{jﬁ { Bi.}(Z ) checks that for every i € [m — 1] the set of endpoints of edges between

7 and Viy1 is a subset of B; U A;11. Using it with the previous monomial, we check
that Vi € [t], regardless of how we contract G[T;] to a path, there is no edge connecting
an internal node of that path to a node outside T;.

{S7}ATi} _ MinB;, MaN A1
Apyiney@ =11 11 2w
U My, Mae{T;}U{S]},
M:1CV;,M2CV;y1

® P16,y (W) checks that Vi € [m — 1], there is an edge (b;, a;41) between V; and V.
Piay oy (W) = T T w001

Now, we can present the final polynomial Py 1) (X,Y, Z, W): for every partition ViU---UVp,
of V into m < 76 blocks, {A;}, {B;} such that Vi € [m] A;, B; C V;, {a;} and {b;} such that
Vi € [m] a; € A;, b; € B, the corresponding {S;}, {T;}, {A!} and {B!}, {k!} such that
STkl +32(]Sil — 1) < k and a family {Sf} of £ < 0 sets of size at most 3n/6 such that
U SZ = S; and B(S},...,S!) is connected, we add the following monomial:

j

C (X) . P{Az}v{Bf}(Y) . N{SZ}’{TZ}(Z) . A{S£}7{Tz} (Z) . P{(u},{bl}(W) .

{57} {T;},{k!} {vi} {Vi {Air{Bi}

The number of monomials added to Py k) is O((50)" -2" - 21 .50 .50 |50 (3:/9)9) =20(n) =
20(k)

Degree. The degree of P is OO,

k-Set Splitting. Given a family F C 2" of size m = n

O and an integer k, decide whether

there exists a partition A LJ B = [n] that splits at least k sets of F.

Kernel. As there exists a kernel with 2k sets over the universe of size k for k-Set Splitting [LS09],

we assume that |F| =m <2k and n < k

Idea. Recall that a partition AU B = [n] splits a set S C [n] if there are exists a,b € S such that

a € A and b € B. For a subfamily 7/ C F, if (A, B) splits exactly ¢ sets of F', then there
exist two sets A’ C A, B’ C B such that |A'|,|B’| < ¢ < |F'| and pair (4’, B’) splits at least
q sets of F’. Such sets A" and B’ can be constructed by picking a pair (a,b) from each split
set of F'. If there are k sets in F that are split by (A, B), one can partition them into 6
subfamilies F7, ..., Fy of size at most k/6 such that (A, B) splits all sets in each F;. Then,
for each F;, one can choose pair of sets A; C A, B; C B of size at most k/6 that splits all sets
in ]:Z

Variables. Introduce s(G, k) = O((SZ/0)2(§?/9)) = O*((,f/]fg)g) variables:

X =A{zapr: ABC[n]|A]|B[<k/0,ANB=a,L C[m],|L| < k/0} .
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For a set family S of size m and a set of indices L C [m] denote by S” a subfamily of S
defined by indices of L. The mapping ¢(F, k) assigns the following value to a variable x4 p r.:

[(A, B) splits all sets in FZ].

Complezity. The mapping ¢(F, k) can be computed in time O*((k/6)3)'

Polynomial. For every partition A LI B = [n], sets Ay,...,A9 C A, By,...,By C B such that
|A;],|Bi| < k/6 for all i and disjoint sets of indices Lq,..., Ly C [m] such that |L;| < k/6 for
all 7, we add the following monomial to Pyq ):

11 za.5.1.

i€(0]

The number of monomials added to Py(r yy is at most O((k/e) 20 (k/g)e) = 20(k)

Degree. The degree of P is 6.

Cluster Editing. Given a graph G(V, E) with n nodes and an integer k, decide whether G can
be transformed into a cluster graph (i.e., a set of disjoint cliques) using at most k edge modifications
(additions and deletions).

Kernel. As there exists a kernel with 2k nodes for Cluster Editing [CM12], we assume that n < 2k.

Idea. Consider a solution of Cluster Editing for G. Let H be a cluster graph resulting from G
by at most k edge modifications. Take all cliques of size at most n/0 and group them into
t < 26 blocks each having at most n/6 nodes. Let T1,...,T; be sets of nodes of those blocks.
Let Sy,...,Ss be sets of nodes of cliques of size more than n/f. For every i € [s], partition
S; into at most @ blocks of size at most n/0: S; =| | S7.

To construct the polynomial, we go through all possible {7;} and {Sj } and check whether
it is possible to modify the graph to obtain a cluster graph that is consistent with {T} and
{S]} To do this, let 7 = {T;}, S = {S;}, S = |_|{S]} V=TUS,and C =T US. Let

7-]
V={WV,...,Vizsyand C = {C4,...,Cy,}, where m < 26 + 0.

Let k= ) kqp, where:

1<a<b<m
e there are at most &, , edge modifications in every Cy, € T;

e there are at most &y edge additions in every Cj, € S ;

e there are at most k,; edge additions between every pair of different C, and Cj, where
C,,Cy C S; for some 1;

e there are at most k,; edge deletions between every pair of C, and Cj, where C, and Cj,
belong to different sets from V.

Now, we can go through all possible 7, S, V, and C that are consistent with each other, and
{kap} such that ) kqp = k, and check whether for every a,b € [m] there can be done at most
kqp edge modifications according to cases listed above.
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Variables. Introduce s(G, k) = O((<:Z/9)2 k) = O*((zi%)2) variables:

X ={orp: T CV,|T| <n/0,k € [k]};
Y ={ysp: SCV,|S| <n/b,k € [k]};
Z ={zg 80 S1US2 CV, 81,5 <n/0,k € [k]};
W ={we, oy C1UCy CV,Cy,Co < /0K € [k]}.

The mapping ¢(G, k) assigns the following values to the variables:

zr g+ [ < k' edge modifications are needed to make G[T'] a cluster graph;
ysk — | < k' edge modifications are needed to make G[S] a clique];
28, 80k [ < k' edge modifications are needed to connect each pair of nodes
(v1,v2) by an edge, where vy € Sy, v € So;
wey cu ke — | < K edge modifications are needed to get rid of all edges (v1,v2)
where v; € C1, vy € Cs].

Complezity. Each variable from Y U Z U W can be computed in polynomial time. Each variable
xr ) can be computed in time O*(3|T‘) by dynamic programming °. The mapping ¢(G, k)

can be computed in time O*((zi%)z .3n/0) = O*((ﬁ%)z - 32k/9),

Polynomial. For every (T,S, S,v,C, {kap}), we add the following monomial:

H LCaqka,a H YCp ko p H 2Ca,Chkab H WC,,Cprkap -
be[m]:

a€[m]: a,be(m]: a,be[m]:
Ca€T C,eS a<b, a<b,
Fie[s] Ca,CpCS; Ji,jE[t+s]: i#£7,
CaCV;,CpCVj

Degree. The degree of P is 9.

k-Path. Given a directed graph G(V, E) with n nodes and integer k, decide whether there is a
simple path with exactly k£ nodes.

Idea. Let V' = [n]. The color-coding technique, introduced by [AYZ95], solves k-Path as follows:
assign a random color ¢ € [k] to every node; then, all nodes of a k-path receive different colors
with probability about e ~*; at the same time, one can find such a colorful path in time nOMok,
This gives a randomized 29%) O _time algorithm for k-Path. A way to derandomize it
is to use a k-perfect family F of hash functions f: [n] — [k]: go through all f € F and
for each node v € [n], assign a color f(v) (see [AYZ95, Section 4]). The key feature of the
family F is: for any subset of nodes S C [n] of size k, there exists a function f € F such
that f is injective on S. It guarantees that for any k-path there is a coloring f € F that

Let dp[S] be the minimum number of edge modifications that turn G[S] into a cluster graph. Then dp[S] =
}1}1&1;(|F(X)| + |E(X, S\ X)| + dp[S \ X]) and one can compute dp[S] for all S C T in time O*(3!T1.
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assigns different colors to all nodes of the path. [AYZ95] gives a construction of F of size
O(2O(k) logn). For our purposes, we need a family of smaller size. To achieve this, we allow
a larger number of colors.

Take a family F of (n, k, 0k)-splitters of size O(ek/)(1+e(1))n00)y = O*(¢?/%) that can be
computed in time 2°%%n°(M") guaranteed by Theorem 5.5.

Given a coloring f: [n] — [fk], one can find an f-colorful k-path in time 2%n0() [AYZ95,
Lemma 3.1].

The main idea of the polynomial formulation below is the following. For a coloring f: [n] —
[0k], an f-colorful k-path 7 can be partitioned into 6 paths 7y,...,m such that each path
uses at most k/6 colors. Then, a partition 71, ...,m is valid if the paths are color-disjoint
and there is an edge from the last node of 7; to the first node of m;41, for all i € [# — 1].

Variables. Introduce s(G, k) = O ( 2k/9(<k/9) 0(1)) =0 ( 2k/6 (k/@)) variables:
X =A{zscuv: f€F,uveV,CCIOk],|C] <k/0},
Y = {yuov: u,v € V}.
The mapping ¢(G, k) assigns the following values:

Zf.Cuw > [there is an f-colorful path from w to v that uses colors from C only],
Yuw — [(u,v) € E].
Complezity. The mapping ¢(G,k) can be computed in time O <2k/9 2k/9( /0) O(l)> =
O* <(2e )k/e(k/e))

Polynomial. For every f € F, disjoint C1,...,Cp C [0k] such that |C;| < %, and distinct nodes

v1,...,099 € V, add a monomial:
H T f,C;,v2i-1,v2i H Yuoi,v2i41
1€(0] 1€[0—1]

The number of monomials added to Py 1) is at most e2h/0 (gfe)eno(l) = 20(k) 00,

Degree. The degree of P is 20 — 1.

k-Tree. Given a tree H on k nodes and a graph G on n nodes, decide whether there is a (not
necessarily induced) copy of H in G.

Idea. Let F be an (n, k,0k)-splitter from Theorem 5.5. Let Hy,..., H,, be subtrees of H resulting
from applying Lemma 6.1 to H, where m < 6 and |V (H;)| < 3k/0 Let Z € V(G)V) be an
isomorphism between H and some subtree of G. Let T; = V(H;), and let S; = Z(T;). Let CT
be connector nodes of B(Ty,...,Ty), and let C° be connector nodes of B(S,...,S,,). Let

CT=T,nCT, let C/ =5,NC% and let T; = T or Let f € F be a coloring of V(G) that
assigns different colors to nodes from Z(V (H)), and let F; = f(5:).
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To construct the polynomial, we go through all possible {7;}, {C?}, {Fi} and f such that
T; C [k], CF C [n], F; C [0K], |T;| = |Fi| < 3k/0, |CP] < 6 —1 and f € F. We check

that UCZS equals to the set of connector nodes of B(CY,...,C5), and that B(Ty,...,Tn),
B(C?,...,C2) and B(Fy,...,F,,) are isomorphic trees where sets with the same numbers
correspond to each other. We compute C” as connector nodes of B (Th,...,Ty) and CZ-T as
T; N CT. Now, we define Z; as a bijection between C{ and C’Z-S obtained from the above
isomorphism between B(T1,...,Ty,) and B(CY,...,C5) as a restriction to connector nodes.

Now, we have ({T;},{C¥},{CP},{Z;}, {F;}, f), and we need to check that

o for all i, H(T;) is a tree;
e for all 4, there exists S; C [n] and J € Bij(T;, S;) such that:
- CfCs,
- f(Si) = F,
— HI[T;] is isomorphic to G[S;] according to J,
= I =T

Variables. Introduce s(H,G,k) = O( (<3]Z/9) k9n?g? (<g,f/9) %1% log n) variables:

X ={xr: T C[k],|T| <3k/0};
Y = {yT,CT,C'S,I,F,f: T7 CT - [k]vcs - [’I’L],I € (OS)CT7F - [ek]y
feF,|T|=|F| <3k/0,|CT|=|C%| <0—1}.

The mapping ¢(H, G, k) assigns the following values to the variables:

xp — [H[T] is a tree|;
Yrcr,os 1,p,f — [there exists a set S C [n] such that CcSCS, f(S)=F,
and G[S] is a copy of H[T], where nodes of H in C7

correspond to nodes of G in C*¥ according to Z].

Complexity. The family F can be computed in time 2%n°(1). Each variable from X can be com-
puted in polynomial time. Each variable from Y can be computed in time O*(83k/ 9) by the
following dynamic programming algorithm. Let us view H|[T] as a rooted tree. Let 7 C T
such that H[T'] is connected, let F' C F, and let v € [n]. Let dp[T"][F'][v] = [there exists
a subset S C [n] such that v € S, |S| = |F'|, f(S) = F’' and H[T"] is isomorphic to G[S]
according to some isomorphism J which is consistent with Z and which maps the root of
H[T'] into v]. For T’ let T” be a subset of T" such that H[T"| and H[T'\ T"] are connected,
and the root of H[T"] is a son of the root of H[T']. Then,

dp[T'][F"]lv] = \V (dp[T"][F"]fu] A dp[T"\ T"|[F"\ F"][v]) .

F”gF/7
u€ln]: (u,w)EE(G)
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Polynomial. For every ({T;},{CF'},{C?},{Z;}, {Fi}, ), we add the following monomial:

m m
H XT; H yTi,CiTvcf,ZivFuf :
i=1 i=1

The number of monomials is at most (34“/9)9(2)6(3)9(99)9 (3i’j9)662k/9 log n = 20(k)p00),

Degree. The degree of P is at most 26.
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A Omitted Proofs

A.1 Proof of Theorem 4.4

Theorem 4.4. Let A be a parameterized computational problem with a parameter k. Assume that
for every ¢ > 1, there is A = A(c) such that A admits a A-polynomial formulation of complexity c*.
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If A is \*-SETH-hard for a constant X\ > 1, then at least one of the following circuit lower bounds
holds:

o ENP requires series-parallel Boolean circuits of size w(n);

o for every constant v > 1, there exists an explicit family of constant-degree polynomials over Z
that requires arithmetic circuits of size Q(n7).

Proof. Let X\ > 1 be the constant from the theorem statement, v > 1 be an arbitrary constant, and
o =log(A)/(67). Let Z x N be the set of all instances of A, where for an instance (z,k) € Z x N,
k is the value of the parameter. Let P be a A-polynomial formulation of A of complexity 27%, for
constant A = A(o) > 0. We assume that A is \*-SETH-hard: there is a function §: R~ — Rxg
such that for every ¢,d € N, ¢-SAT can be solved in time 2(=9" given a A(l_a)k|$|d-algorithm
for A.

If P = (P;)s>1 does not have arithmetic circuits over Z of size ¢7 for infinitely many values of ¢,
then we have an explicit family of constant-degree polynomials that requires arithmetic circuits
of size Q(t7). Hence, in the following we assume that P has arithmetic circuits over Z of size ct” for
all values of t for a constant ¢ > 0. Under this assumption, we design a non-deterministic algorithm
solving ¢-TAUT in time 2(1=9)" for every ¢. This contradicts NSETH and, by Theorem 2.3, implies
a super-linear lower bound on the size of series-parallel circuits computing ENP.

Let dp = 0(1/2) € (0,1) where ¢ is the function from the SETH-hardness reduction for A. Let
= m, L = 20=%)an " | — 2(1 — §g)an/log(N), and T = 2(05) . LA We will start

with an instance of the ¢-TAUT problem on n variables, reduce it to 20=®" instances of ¢-TAUT
on an variables each . Then we’ll use the fine-grained reduction from ¢-SAT to the problem A on
instances of length ¢ < L and parameter £ < K. Finally, we’ll use the polynomial formulation of A
to reduce instances of length ¢ and parameter k to polynomials with ¢ < T variables.

Let F' be a k-DNF formula over n variables. In order to solve F', we branch on all but an vari-
ables. This gives us 21" L-DNF formulas. By solving ¢-SAT on the negations of all of these
formulas, we solve ¢-TAUT on the original formula F'.

Assuming a A¥/2-algorithm for A we have a 2(1=%)2"_algorithm for ¢-SAT on an variables for
do = 6(1/2) > 0. We now apply the fine-grained reduction from ¢-SAT to A to (the negations
of) all 20" instances of ¢-TAUT. This gives us a number of instances of the problem A. Let
¢ be the largest length of these instances, and k be the largest value of the parameter in these
instances. Since the running time of the reduction is bounded from above by 2(17%)on e have
that ¢ < 2(1=%)en — [ From Definition 2.6, we know that \¥/2 < 2(1=%)an g4 each instance of A
has the parameter value at most k < 2(1 — dp)an/log(\) = K.

Since P is a polynomial formulation of A of complexity 2°%, there exist s: Zx N — N, s(x, k) <
20F|2|A < 2°K LA and ¢: T x N — Z* (both computable in time 275 L) such that for every = € T
and k € N,

(07

® Py iy(d(z,k)) #0 < (z,k) is a yes instance of A;
o |Pua) ($(a, k)| < 22712

Using P, we will solve all instances of A in two stages: in the preprocessing stage (which takes place
before all the reductions), we guess efficient arithmetic circuits for polynomials P; for all ¢ < T, in
the solving stage, we solve all instances of A using the guessed circuits. Note that we’ll be using
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the polynomials to solve instances of A resulting from ¢-SAT instances on an variables. Since L
is the largest length of such an instance of A and K is the largest value of the parameter, we have
that each such instance is mapped to a polynomial with at most s(z,k) < 2°%|z|» < 29KLA =T
variables. Therefore, finding efficient arithmetic circuits for polynomials P; for all t < T will be
sufficient for solving all ¢-SAT instances of size an that we obtain in the reductions.

Preprocessing. For every t < T, we find a prime p; in the interval 2¢¥! < p; < 242 in non-
deterministic time O(¢7) [AKS04, LP19).

Now for every t < T, we reduce all coefficients of the polynomial P, modulo p; to obtain a
polynomial @Q; over Z,,, and let Q = (Q1,Q2,...). For every ¢t < T, we now non-deterministically
solve Gap-MACP g a2, (¢, ct”) using Lemma 3.5. Since we assume that P has arithmetic circuits
over Z of size ct”, we have that Q has arithmetic circuits over Z,, of this size. Thus, we obtain
arithmetic circuits C; of size at most

At (5)

computing Q; over Zj, for all t <T'. Since Cy computes Q; correctly in Z, and |Py, ) (¢(7, k))| <
2s(@k) < Ps(ak)/2 for all x € Iy, we can use Cy to solve A for every instance length ¢ < L and
parameter £ < K. By Lemma 3.5, Gap-MACPg a2, (t,ct?) can be solved in (non-deterministic)
time

) (A2 cct? - t?A - log? (pr)) =0 (T“’+2A+2) .

The total (non-deterministic) running time of the preprocessing stage is then bounded from above
by the time needed to find 1" prime numbers, write down the corresponding explicit polynomials
modulo p¢, and solve T instances of Gap-MACP:

9] (T(T7 + TA+2 + T7+2A+2)) -0 (T’H-QA—!—S) -0 <2(1—50)n> ’ (6)

where the last equality holds due to T = 20K LA [ = 20=%)en | — 2(1 — §y)an/log(\), o =
log(\)/(67), and a = m-

Solving. In the solving stage, we solve all 20=®)" instances of ¢-SAT by reducing them to A
and using efficient circuits found in the preprocessing stage. For an instance z of A of length /¢
with parameter k, we first transform it into an input of the polynomial y = ¢(z,k) € 75(:k)
Both s(x,k) and ¢(x,k) can be computed in time O(2°%¢2). Then we feed it into the circuit
Qs(z,k)- First we note that we have the circuit Qg(, ;) after the preprocessing stage as s(z,k) < T
and we have circuits (Q1,...,Q7). The number of arithmetic operations in Lp,, x required to
evaluate the circuit is proportional to the circuit size, and each arithmetic operation takes time
10g2(p8(x7k)) = O(s(x,k)?). From (5) with t < s(z,k) < 2°F/2, we have that we can solve an
instance of A with ¢ inputs and parameter k in time

O(2ak€A) + CIU,A2 . s(x,k:)Z . 20’yk . eA'y -0 (230’yk€3Afy> -0 (}\k/2€3A’y) 7

where the last equality holds due to the choice of o = log(\)/(67). The fine-grained reduction
from ¢-SAT to A implies that a O ()\k/zﬁo(l))—time algorithm for A gives us a O (2”(1_50))—time
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algorithm for ¢-SAT. Thus, since we solve each /-instance of A resulting from 20-®" instances of

q¢-SAT in time O (/\k/ 250(1)), we solve the original n-variate instance F' of ¢-TAUT in time
O (2(1—a)n . (20m)1—60> -0 <2n(1—a60)) ) (7)

The total running time of the preprocessing and solving stages (see (6) and (7)) is bounded
from above by O (2"(1_50)) +0 (2”(1_0‘50)) =0 (2"(1_0‘50)), which refutes NSETH, and implies a
super-linear lower bound for Boolean series-parallel circuits. O

A.2 Proof of Lemma 6.1

Lemma A.1. Let T(V, E) be a rooted tree and M C 'V be a set of more than ¢ nodes. Then there
is a subtree U of T whose topmost node is u such that T[V(T) \ V(U) U {u}] is connected and
< IMO(VO)\{uh)] <L,

Proof. We prove this lemma by induction on the size of the tree T'. The base case of |V| =1 holds
trivially (by choosing U = T'). For the case |V| > 1, suppose the root r of T" has m children with
subtrees T1,...,Ty,. Let a; = |V(T;) N M|. Assume without loss of generality that a1 < ... < ay,.
Consider the following three cases.

e If a,, > £, then we use the induction hypothesis to find U in T,,.

o If % < a, < ¢, then we take U to be the subtree T, together with the root r. Then
MOV O)\A{u})| = [MOV(TR)| = am.

o Ifa, < g, then, for all i € [m], a; < g. As > a; > |M| —1 > ¢, there exists j € [m] such
J

that % < > a; < /L. We take U to be the subtrees T1,...,T; together with the root r. This
i=1

way we have |M 0 (V(U) \ {u})] = é M AV(T)| = éa

O

Lemma 6.1. Let T(V, E) be a tree, M C V be a set of k nodes, and 0 > 1 be an integer. Then
E can be partitioned into m < 6 blocks E = FE1 U ---U E,, such that, for each i € [m], E; induces
a subtree T; of T with at most % + 2 nodes from M.

Proof. Choose an arbitrary node r of 1" as the root and view 71" as a rooted tree. Let ¢ = [%] As
long as |V (T) N M| > ¢ we repeat the following procedure. (Note that it’s possible that in the very
beginning |V(T) N M| = k < ¢, so we don’t run the procedure even once.) Since |V (T) N M| > ¢,
Lemma A.1 gives us a tree U and its root u. We take T; = U, and delete all the vertices V(U) \ {u}
from T.

When we can’t apply this procedure anymore, we have |V (T)NM| < ¢, and we add the remaining
tree with at most ¢ nodes from M as the last T; in our collection. Note that each T} is a subtree,
and each T; contains at most £+ 1 < 92%“1 + 2 nodes from M. Since each application of Lemma A.1

removes at least £/2 vertices from M, the number of such iterations is at most U%] = (%] Thus,

the total number of subtrees is m < [2£] + 1 < [%] +1=90. O
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